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Abstract

Fiber-reinforced concrete exhibits a heterogeneous microstructure formed by

aggregates, fibers and a matrix, where the stress from external forces can lead

to cracking and fracture. This paper discusses the development of a computa-

tional measure for predicting the fiber's efficacy by means of the energy

absorbed within the initiated area of the cracks. The analytical development

was verified with experimental data from the literature and the results were

justified with numerical simulations in the elastic regime. This development

couples the localization of the stress in the crack tip with the random distribu-

tion of the cracks, which leads to the spatial strain field. Such percolation-

based quantification of the cracks in the early-stage particularly is useful for

effective utilization of fibers during the cracking progress.

KEYWORD S

absorbed energy, fiber reinforcement, fracture, percolation

1 | INTRODUCTION

Fiber-reinforced concrete (FRC) is one of the most prom-
ising innovations of concrete technology. The addition of
short, discrete fibers enhances the properties of this com-
posite cement-based material.1,2 The inclusion of steel
fibers significantly improves the tensile behavior during
microcracking by reducing their widths and spacing.3,4

The bridging and stretched fibers increase the post-
cracking residual strength of FRC and counter the crack
propagation. Moreover, due to the de-bonding and pull-
out mechanisms of the fibers, a greater amount of energy
is dissipated, while improving the toughness significantly.
This enhanced behavior is mainly influenced by the
amount of bridging fibers and their mechanical proper-
ties, even at low dosages.5–8

In recent studies, the role of fiber orientation, distri-
bution and pull-out/torsional behavior on the transferred
stress for enhancing the postcracking flexural strength
was determined9–11 as well as a size effect.12 Additionally,
image processing and tomography techniques have been
applied to monitor the role of fibers as a nondestructive
method13–18 and the crack patterns have been estimated
from surfaces of the specimen.19

Fracture in FRC initially starts with the formation of
microcracks, mainly due to inhomogeneity, anisotropy
and stress localization of the composite. This process con-
sumes a large amount of energy and slows down the
propagation rate. The crack region can be divided into a
frontal zone which is localized ahead of the main crack
that forms the microcracks20 and into a zone that
includes the fracture surface. The load transfer is con-
trolled either by bridging of fibers or their pull-out fric-
tion.21,22 In the fiber-bridging zone, only the fibers carry
postcracking loads taken by the composite.23,24 Yet, more
information from a versatile method on the quantitative
load transferring capacity of fibers would highly benefit
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the understanding of control of crack initiation and
propagation.

In this paper, a new measure for the efficacy of the
fibers in FRC is introduced using the initial area of the
formed cracks. Such randomly fractured medium has
been simulated using our percolation paradigm. The link
between the geometry of the fracture zone and the
mechanics (i.e., loading) is provided by distinguishing the
original applied energy of loading to the specimen, which
is stored as elastic energy, and the absorbed energies in
the fibers during the inception of cracks. The method has
been implemented to assess experimental data of four-
point flexural loading. Tests have quantified the ability of
the fibers to resist the cracks during any stage of the
development and those results were verified with out-
comes of recent studies in reported literature.

2 | METHODOLOGY

2.1 | Numerical computations

In order to validate the numerical computations devel-
oped in this study for determining the crack effectiveness
of the fibers, the results of fiber-reinforced cementitious
(FRCC) specimens of previous studies were adapted from
literature.13,25 The concrete mortar mixes were designed
with a water-binder ratio of w/b = 0.42 and 1.7% added
dosage of superplasticizer with regard to cement weight.
The cement-based mixture was a fabricated mortar mix
with the following proportions by weight:

Cement : Sand : Slag :Water : Superplasticizer :Fibers� 98
: 1114 : 418 : 220 : 18 : 94:8:

where the cement type is CEM|42.5R and the super-
plasticizer is polycarboxylate-based. The densities of
these materials are 3.14, 2.65, 2.92, 1.0, and 7.85 g/cm3,
respectively. The FRC mixes in this study were produced
with a fiber volume fraction of 1.5% and cured for 28 days
(RH > 90%, T = 20 ± 2�C). Table 1 indicates the speci-
men length L, width W, height H, fibers length Lf, diame-
ter Df (aspect ratio ≔ {81.25, 37.5}), tensile stress σy with
the distance parameter a and the measurement time
interval Δt.

The beam specimens were tested in four-point bend-
ing, according to Figure 1a, using a closed-loop

displacement controlled servo hydraulic testing machine
with a capacity of 100 kN.13,25 Four linear variable dis-
placement transducers (LVDTs) were mounted verti-
cally under the specimen to measure the average
deflection and two LVDTs were mounted horizontally
on opposite sides of the loading region of the specimen
at the bottom to measure the average crack mouth
opening displacement. These LVDTs also provided feed-
back to the servo-valve for closed-loop control of the
test. For crack monitoring, a camera was placed per-
pendicular to the beam face at a distance of 38 cm from
the specimen and the illumination was carried out
using a white light projector. Successive digital images
were taken from each beam specimen undergoing
deformation using a high-resolution camera in succes-
sive intervals of Δt. The deformation and patterns
obtained from images were compared with the original
undeformed reference image to determine the change
in the crack area and the local displacements according
to the flowchart given in Figure 2. Loading was applied
at a LVDT-controlled displacement rate of 0.01 mm/

TABLE 1 Experimental

parameters
Parameter L W H a σy Lf Df Δt

Value 400 100 {26,39,65,100} 50 2000 {6,13} 0.16 15

Unit mm mm mm mm MPa mm mm s

FIGURE 1 Experimental procedure
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min, until the opening of the crack reached half the
fiber length (wmax

~Lf
2 ). Such experimental data were used

to identify the effective cracks as well as the displacement
field within the sample in the period of time. The image
processing steps, which are shown in the flowchart of
Figure 2, are as follows:

(1) The bare image contains the information from the
red, green, and blue values (i.e., {R, G, B} ∈ [0, 255]). This
information can be transferred to a normalized gray-scale
intensity image by averaging the values as:

Ii,j =
Ri,j +Gi,j +Bi,j

3× 255
ð1Þ

where the Ii, j ∈ [0, 1] is the intensity value of the
obtained gray-scale image.

(2) The cracked regions (i.e., black) can be distin-
guished from solid mortar (i.e., white) by establishing a
grayness threshold, Ic ∈ [0, 1], which classifies matrix ele-
ments into black and white classes {B, W} ∈ (0, 1). This

value is determined iteratively from Otsu's method by
minimizing the intraclass variance σ2 as follows26,27:

minimize σ2 such that:

σ2 =ω1σ20 +ω2σ21
ω1 +ω2 = 1

�
ð2Þ

where ω1 and ω2 are the fractions of black/white por-
tions and σ22 are the corresponding variances for each
classified zone. Minimization of intraclass variance σ2

ensures that the obtained binarized image provides the
best approximation of the original gray-scale image as
closest proximity for each chosen group is considered in
the same class.

(3) The augmented area (ΔA) in each stage can be
obtained by percolating (i.e., propagating) through the
cracks from the bottom surface until no further progress
is made.28 The incremental area difference ΔAk + 1 can be
obtained from the difference of two subsequent obtained

FIGURE 2 Flowchart for

image processing method. The

complete description of

parameters is provided in

Section 2.1 (ΔA: incremental

area; V: displacement vector; I:

displacement value; Imk + 1: the

image for the frame number

k + 1)

FIGURE 3 Percolation-based

computation and tracing of effective

cracks
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images (i.e., Imk, Imk + 1). Figure 3a represents the cap-
tured effective cracks computed by means of percolation
method from the surface, in the horizontal and vertical
directions (left, right, top, bottom). The values on the
color-bar correlate with the distance from the instigation
point of the cracks (i.e., surface).

Consequently, the normalized computed crack area is
defined as a fraction of total surface area (Â≔Acracks

Atot
) and is

tracked versus time. Figure 3b represents such characteri-
zation, where the error-bars show the SD for three simi-
lar experimental setups for each point in the graph.

(4) The displacement field is obtained from tracking
the {R, G, B} values of each element to its closest proxim-
ity and extracting the corresponding displacement vector
Vi, j as well as displacement magnitude Ii, j. α(≈2.5) is the
scaling correction factor, relating the image value to the
experimental magnitudes.

During these intervals the load F and the corresponding
displacements δ are recorded as well. Figure 4a represents
the stress-displacement diagrams versus the height of the
specimens and the fiber length, where the stress σ is simply

computed with presumption of elastic behavior before the
initiation of cracks (σ= Mc

I ). The curve for the height
H = 100mm is omitted due to extreme slope to provide a
clear appearance in this figure. Additionally, Figure 4b
shows a comparison of the experimental curves in the
linear regime. Each point represents the average of three
experiments. The analytical relation between the stress σ
and the deflections of the beam δ1 and δ2 in the measure-
ment points are shown by Equation (3):

δ1 = δ2 =
5a2

EH
σ ð3Þ

where the constants a, E, and H are provided in Table 1
and the mathematical proof provided in the Supplemen-
tal Information. The resulting relation from this equation
has also been added to Figure 4b.

Figure 5a represents the start-to-end displacement
field representing the evolved cracks in the most distin-
guishable states (i.e., images). Each individual element in
this figure is subtracted from the original bare image
from the experiment and the color-bar distinguishes the
cracks from the specimen medium.

Additionally, the numerical simulation on the identi-
cal condition of the experimental geometry, material and
the loading system was performed with the SolidWorks
simulation package and the obtained strain field in the
linear regime was obtained for further analysis, which is
shown in Figure 5b.

2.2 | Analytical modeling

Figure 6 shows the schematics of an ideal, symmetric, and
full fracture for modeling and geometrical calculations.
The acting fibers are shown in red while others became

FIGURE 4 Stress-displacement diagrams

FIGURE 5 Correlation between the experiments/simulations
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inactive due to pull out. The fiber efficacy measure (Λ) in
fact takes into account the role of active fibers involved in
effectively resisting the crack growth.29 In the elastic stage,
the average fiber stress correlates with the localized strain
value before the formation of cracks. However, upon the
fracture the strain field in the specimen is relaxed and the
elongation of fibers is mostly consistent with the crack
opening. Therefore, the efficacy measure Λ correlates with
the local strain and consequently to the crack opening.
Considering the geometry, during infinitesimal fracture,
the opening of the crack w correlates with the vertical dis-
tance y from the crack tip as shown by Figure 6. For a typ-
ical crack instigated with a depth of y0, due to geometry
the crack area Acracks is:

Acracks =
ðH
y0

w yð Þdy ð4Þ

Depending on if the fibers have reached yielding limit σy,
they will either act elastic or plastic.

2.2.1 | Plastic zone

At a larger crack opening, the fibers are stretched up to
the maximum (plastic) stress (σ[y] ≈ σy). For a crack
ranging from the tip-to-toe in the span of y0 to H, the
absorbed energy for the fiber δEfib, pl would be:

δEfib,pl = σyδAfibw ð5Þ

where Afib is the cross-sectional area of the fiber and can
be expressed as Afib = π

4d
2 and w is the local crack open-

ing. Therefore, the total absorbed energy of the fibers Efib

can be expressed as:

Efib,pl =
πd2

4
σy
Xn
i=1

wi ð6Þ

where n is the total number of bridging fibers. As the
fibers are highly packed, one can assume that they cover

the entire surface area of the cracks. Therefore, since all
the fibers have identical diameters and their large popu-
lation covers the entire crack area, one can assume that
d ≔dy and we arrive at the following for the energy
absorbed in the fibers Efib:

Efib,pl =
πd2

4
σy

ðH
y0

w yð Þdy ð7Þ

Combining Equations (4) and (7) results in Equation (8)

Efib,pl =
π

4
d2σyAcracks ð8Þ

2.2.2 | Elastic zone

Below the yielding limit, for a crack opening with the
tip at the depth of y0, the following geometrical

FIGURE 6 Geometric idealization of the beam specimen at

complete fracture (for modeling)

FIGURE 7 Evolution of fiber efficacy Λ versus the normalized

crack opening ŵ

FIGURE 8 Correlation of the fiber efficacy Λ with the literature
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relationship can be derived due to triangular inequality
(Figure 6):

w yð Þ
y−y0

=
wmax

H−y0
≈
2dmax

L=2
ð9Þ

therefore, the individual strain of each fiber is
expressed as:

ϵ yð Þ= w yð Þ
Lf

=
4dmax

Lf L
y−y0ð Þ ð10Þ

and the energy absorbed by the individual fiber δEfib

becomes:

δEfib =EAfib
16d2max

Lf L2
y−y0ð Þ2 ð11Þ

Thus, the total absorbed energy in fibers Efib, el can be
integrated as:

Efib,el =
20
3
EAfib

Lf

H3

L2

� �
δ2 ð12Þ

The original energy Eload of the beam obtained by apply-
ing two externals loads F during the experiment is:

Eload = 2Fδ ð13Þ

where δ is the corresponding displacement measured from
the gauges. Before the fracture, the entire work
(i.e., energy) from the loads is stored elastically within the
beam. However, after the fracture the rest of the beam is
partially relaxed due to the opening of the cracks and the
added energy is divided for the formation of the crack Ecrack
as well as the stretching of the fibers Efibers as follows:

Eload =Ecrack +Efibers ð14Þ

which in fact proves that, the more the energy is trans-
mitted by fibers the less crack surfaces form, which is
also the case for hardening cementitious materials.
Therefore, the fiber efficacy factor Λ should describe the
fraction of the absorbed energy within the plastic defor-
mation of the fibers:

Λ=
Efib

Eload
ð15Þ

The typical yield strain of the fibers is very small and
in the range of εy ≈ 0.001–0.002,30 therefore considering

the fiber strain range in the experiments, they mostly will
be in the plastic deformation stage. Consequently, the
evolution of fiber efficacy Λ versus the maximum crack
development is calculated assuming the plastic behavior
of all the fibers (Equation (8)) for the results shown by
Figure 7, where the crack opening has been normalized
to the fiber length as: ŵ= w

Lf
. As well, the comparative

study for the development of the cracks, after reaching
the peak value, is shown in Figure 8. Nonetheless, the
fibers in some cases contribute to an increasing crack sur-
face (i.e., SHCC materials).31

3 | RESULTS AND DISCUSSIONS

While the heterogeneity of FRC allows for the initiation
of cracks possibly in multiple locations, the cracks
starting from the surface of the FRC specimen are the
most prone for causing the failure with a large margin
relative to other cracks. Such a crack can be captured in
our computation via percolating from the bottom of the
specimen until no further progress is made (Figure 3a).
The dynamics of propagation of the effective cracks in
Figure 3b represent quickening behavior. Few reasons
cause such behavior including the augmentation of the
flexural stress due to the reduction of cross section as
the crack grows (σ= Mc

I ). During the crack growth the
resisting cross-section decreases, which significantly
reduces the second moment of area (i.e., I / H3) and the
flexural stress increases to a considerable extent. This
causes rampant growth behavior in the cracks. For the
same reason, the growth is the most sensitive to the spec-
imens with the lower height. Nevertheless, if the FRC is
in the plastic state in the zone with the highest flexural
tensile stresses, the same quickening trend is expected
due to inverse correlation with the effective area A which
continuously decreases, where for the completely plastic
state: M =F d

2 = σy A2
H
2 and therefore:

σy =
4M
AH

ð16Þ

The stress-displacement relations shown in Figure 4a
reveal new information on the role of the fiber length
and geometry on the mechanical behavior. The reduction
of the ultimate flexural strength versus the height of the
beams reveals the deflection-softening behavior, whereas
the initiation point of first cracking remains the same as
it represents the matrix performance. On the contrary,
indicating the deflection-hardening behavior has been
observed in the beams with less height, representing the
role of size effect.32 The energy absorption
(i.e., toughness) and deflection-hardening capacities both

6 ARYANFAR ET AL.



decreased at increasing beam height. The peaking of the
load during the experiment shows the toughening mech-
anism at the crack tip zone. The fibers become less effec-
tive at a larger beam height, especially this is pronounced
at the peak of the load, where cracks become localized.

The comparison of the analytical and experimental
trends shown in Figure 4b reveals that in the experiments
a slightly higher strength is obtained (i.e., elastic modu-
lus) compared to the analytical prediction for pure mor-
tar. This is simply due to the existence of the fibers
embodied within the mortar, which in fact acts as a com-
posite materials as a whole. In fact, the observed differ-
ences indicate that the fibers are already active even
before the initiation of the cracks.

Analysis of the displacement diagram for the experi-
mental cracked specimen in Figure 5a versus the compu-
tation of the strain map in the elastic regime in Figure 5b
reveals the consistency of the critical state in the middle
bottom of the specimen, which is under tension. We note
the highest localized strain values precisely under the
loading points in Figure 5b, which are not critical since
those locations are under compressive stress.

Before crack initiation, the role of the fibers is in
terms of the elastic shear transfer with the matrix. How-
ever, upon the initiation of the cracks, the tensile behav-
ior is activated and add up to the flexural resistance,
leading to a ductile behavior.33 Their effectiveness relies
on the bridging within the formed crack. The number of
activated fibers increases with further crack propagation
and the fiber efficacy factor increases as shown in
Figure 7. However, upon extended crack opening, the
fibers with shorter embedment lengths from one of the
ends (at least) are successively pulled out and do not con-
tribute any longer to the propagation resistance. Due to
crack geometry, the frequency of such fibers decreases
from the crack tip until the limit where the longest
embedded fiber is pulled out (Figure 6). The inception of
the pull-out process can be distinguished by locating the
peaks of fiber efficacy Λ in the Figure 7, which occurs at
w � 0.4Lf. This correlates highly with the reported value
of embedment length for effective bridging of
wmax < 0.5Lf,

34–36 where the maximum number of the
fibers is effectively bridging the crack. Nonetheless, the
slightly lower value compared to the value obtained in
this development shows that a small fraction of the fibers
could in fact be pulled out before reaching this typical
value. Additionally, the lower values of the experimental
measurements relative to the model could be explained
with the role of fiber orientation since the modeling
assumption is horizontal fibers whereas in the experi-
ments a projection of the force of the fibers will in fact
hold the crack opening and the reported fiber orientation
coefficient has been indicated as ≈0.65–0.7.37–39

After reaching the maximum value, the fiber effi-
cacy measure Λ decreases with progressing crack open-
ing, as shown in the right half of Figure 7 and reaches
zero in the limit where the crack width approaches the
fiber length (w ≈ Lf). This can explain the pull-out pro-
cess and correlates highly with the reported values40 as
shown in Figure 8. Nevertheless, the slightly higher
values in Figure 8 can be due to the assumption of
complete yielding and bridging in the fibers, which is
more effective than frictional and pull-out contribu-
tions. Such decreasing trend for the fibers' effectiveness
versus crack progress has been previously reported as
well.41–43 Additionally, it is observed that the thinner
beams show better fiber-performance in Figure 7. The
underlying reason can be related to the formation of
less cracked regions in the thinner beams and therefore
less fracture energy is needed. Thus, from Equation (14)
the rest of the energy gets absorbed by the fibers, which
is higher in the thinner beams. Needless to mention
that the curvature trend in Figure 8 interestingly corre-
lates with the literature as well, which is more pro-
nounced in the right half (i.e., postcrack behavior) of
Figure 7.

4 | CONCLUSIONS

In this paper, a new measure Λ was introduced for the
quantification of the effectiveness of fibers in FRC dur-
ing the full course of crack instigation and propagation.
Percolation-based modeling was performed for comput-
ing the effective area of the cracks and a model was
established based on the absorbed energy of the fibers.
Upon the instigation of the infinitesimal cracks and
activation of the fibers, the fiber efficacy has increased
and reached a maximum value. After the pull-out pro-
cess, the efficacy value decreased, concurrent in the lit-
erature. The better performance of the beams with a
smaller heights represents more proper spatial orienta-
tion of fibers, leading to effective bridging. The devel-
oped measure can be used to quantify fibers'
performance in FRC beams versus cracks area for any
propagation patterns.
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