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We have developed a new real-time framework for calculating the simulta-
neous accumulation of oxidation-induced and the internal/external fluid
stresses during the corrosion of the zirconium metal, Zr. In order to track such
interfacial stress when the zirconium metal turns oxide, we quantify the
hypothetical real-time infiltration of the oxygen within the metal matrix in the
curved boundary, leading to the augmentation in the volume, and we stoi-
chiometrically compute the resulted equivalent oxide thickness. Subse-
quently, we calculate the accumulated compressive stress in real-time from
both irreversible (plastic) and reversible (elastic) events which could be used
for anticipation of the onset of failure. The developed analytical framework
could quantify the design parameters for the safe operation of high-pressure
pipes in corrosive environments.

List of Symbols
D Diffusion coefficient (m2 s�1)
f Dimensionless stress factor (½�)
X Molar volume (m3 mol�1)
T Temperature (K)
Ru Gas constant (8:3 J mol�1 K�1Þ
RI Inner radius (m)
RO Outer radius (m)
rEL Elastic stress (Pa)
rPL Plastic stress (Pa)
rr Radial stress (Pa)
rh Hoop stress (Pa)
rTot Total stress (Pa)
PI Internal pressure (Pa)
PO External pressure (Pa)
r Radial variable (m)
E Elastic modulus (Pa)
m Poisson’s ratio (½�)
dVM, drM Infinitesimal increase in metallic

volume and thickness (m3, m)
sc;I Internal failure thickness (m)
sc;O External failure thickness (m)
u Infinitesimal radial displacement (m)
(dV) , V (Incremental) volume (m3)

drPL, dVPL Vertical (radial) swelling and volume
change due to oxidation (m;m3)

drEL Vertical (radial) swelling due to
Poisson’s effect (m)

dr Total infinitesimal swelling (m)
dxPL Horizontal swelling due to oxidation

(m)
K Bulk modulus (Pa)
(dt), t (Incremental) time (s)
C Concentration of oxygen (mol m�3)
C0 Concentration of oxygen in water

(mol m�3)
a Areal coefficient (m2)
k Reaction (corrosion) constant (s�1)
NO Moles of filled oxygen (½�)
s Thickness of oxide scale (m)
sc Critical thickness of oxide scale for

failure (m)
AOX Area of oxide (m2)
M Molar mass (gr mol�1)
ruc Ultimate compressive strength (Pa)
kB Boltzmann constant (J K�1)
dVPL Infinitesimal oxide volume (m3)
RPB Pilling-bedworth ratio (½�)
dr Infinitesimal radial variation (m)
dh Infinitesimal azimuthal variation (½�)
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INTRODUCTION

The oxidation of the metallic pipelines in the
cooling section of light water reactors (LWRs) is a
crucial factor for the safety assessment and engi-
neering of their material, structural properties,1,2

and operational process.3 In particular, zirconium
(Zr) has a substantial potential for utilization as a
clad to withstand loads under highly oxidative
regimes; however, the chemical and mechanical
extent that it can resist to the oxidation sets
limitations on the reactor’ s fuel energy extraction
rate.4–7

One of the main failure mechanisms in LWR
pipes is the stress buildup and the formation of a
metal oxide layer, interfacing with the underlying
metal.8 There are several studies on stress corrosion
cracking9,10 and failure,11,12 rate of crack growth,13

and role of grain orientation.14 In particular, phase-
field models have recently been developed for cou-
pling the mechano-chemical effects15 and dissolu-
tion-driven failure.16

In a corrosion event, the corrosion succeeds the
diffusion of oxygen solute from the water into the
metal matrix,17–19 and, since the two stages occur in
series, the one causing the lower corrosion rate will
be controlling. Typically, the rate of the oxide
growth starts the highest in the metal surface and
reduces in time, as the oxide thickens and hinders
the further diffusion of oxygen in deeper layers,
which causes the oxidation interface to breathe
harder. However, after a certain achieved oxide
thickness, it partially breaks due to compressive
stress and chemical degradation, leading to a sud-
den jump in the oxidation rate, as the oxygen (i.e.,
water) can penetrate within the cracks in the
oxidation surface. This pattern is repeated and
forms a series of oxidative reactions, which induces
a weakened structure of the overall pipe surface,
leading to the susceptibility to total fracture.20–22

The kinetics of such reactions have already been
explored, with the focus on material composition
and chemistry.23–26 The typical increase in the
structure’ s volume is mainly attributed to the
Pillar–Bedworth ratio, which translates into the
added compressive stresses.27–29

Several factors may complicate the corrosion,
such as irradiation,30 pressure, temperature,31 and
chemical kinetics from the side reactions,23,32 as
well as (sub)-stoichiometric (partial) oxidation33 and
hydration.34

Experimentally, previous studies have explored
the corrosion mechanism,35 have used microscopy
(optical, SEM, Raman)36,37 and visual inspection,38

set up new devices,39 explored the role of environ-
mental sulfide40 and other additives, such as fluo-
rine,41 iodine,42 and synthesized composites,43,44

used a graphene coating to enhance thermal stabil-
ity,45 and investigated chemical degradation in
plastics,46 as well as cyclic cooling.47

Pressure, among other things, is a driving force
for the diffusion of oxygen into the metal, which
results in the additional stress buildup.27,48,49 This
has previously been investigated in both atomic50

and continuum51 scales, where the generated com-
pressive stress weakens the enveloping metal mate-
rial and expedites the failure.52 Having such
importance, pressure-dependent research on corro-
sion lacks sufficiency, particularly in terms of
coupling with the corrosion-induced internal
stresses.

In this paper, a one-dimensional pressure-in-
duced corrosion kinetics model has been developed
in the cylindrical pipelines.53–56 The diffusion of
oxygen from both the concentration gradient57 and
the external mechanical pressure58,59 has been
quantified, and the equivalent oxide thickness
anticipated. Subsequently, we have developed a
framework to compute the resulted effective
mechanical compressive stress within the oxidized
medium. The developed methodology is useful for
designing the range of the parameters for avoiding
the failure of PWR cooling pipelines.

METHODOLOGY

Material Properties

The material properties for the framework are
expressed in the Table I, and are mainly extracted
for Zr with pressurized water. While most of the
variables/constants are the typical values from the
references, the rest are calculated. For example, the
molar volume X is calculated via molar mass M and
the mass density q as:

X ¼ M

q
¼ 123 g mol�1

5:68 g cm�3
� 22 � 10�6 m3 mol�1 ð1Þ

As well the oxygen concentration in the water, C0

is obtained as:

C0 ¼ q
M
¼ 1000 g L�1

18 g mol�1
¼ 55 mol L�1 ð2Þ

Framework

During the corrosion event, the infiltration of
oxygen within the metal and the subsequent reac-
tion leads to the formation of an oxide layer on the
surface of the metal. Figure 1a shows such a
formation in our experimental sample. In pipe
geometry, this can occur in either the inner or outer
boundary of the pipes, as shown in Fig. 1b with
distinguishing colors.

During the growth of the thin oxide layer on top of
the underneath metallic medium, while the radial
boundaries (RI, RO) remain free to move, the lateral
(i.e., hoop) boundaries, remain constrained, and the
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misfit stress rEL builds due to the volumetric
difference between the oxide and the metal.

Additionally, in the same direction, the hoop
component of the pressure-induced stress rh from
the internal/external fluid will be a contributing
factor in the same direction. Therefore, the total
stress rTot will be their sum, as shown in the Eq. 3:

rTot ¼ rEL þ rh; ð3Þ

and we explain each stress term separately below.

Elastic Stress rEL

Imposing the internal and external pressures PI

and PO, the radial rr and hoop rh elastic stresses

develop, as shown in Fig. 1b. which are only func-
tions of the radius, r, due to polar symmetry.
Cutting out the infinitesimal element shown in
Fig. 2b, the balance relationships in the horizontal
direction is obtained in Eq. 4 as:71

rr þ
@rr
@r

dr

� �
: rþ drð Þdh� rr � rdh� 2rh � dr � dh

2
¼ 0;

ð4Þ

where by simplification and ignoring the higher-
order terms, we arrive at Lame’s relationship as:72

@rr
@r

þ rr � rh
r

¼ 0 ð5Þ

Table I. Model parameters

Variables Constants

Par. Values Unit Ref. Par. Value Unit Ref.

D 1:4 � 10�20; m2 s�1 60 kB 1:38 � 10�23 J K�1 61

M 123 g mol�1 62 NA 6:02 � 1023 atom mol�1 63

RPB 1.56 ½ � 28,64 Ru 8.314 J mol�1 K�1 63

K 142 GPa Azoma PO 15 MPa 65
k 7:1 � 10�6 s�1 66 PI 110 MPa 67
f 0.3 ½ � 51,68 RO 2.5 mm 69
m 0.34 ½ � 70 RI 1.5 mm 69
T 630 357ð Þ K �Cð Þ 33 C0 55 � 103 mol m�3 Eq. 2
ruc 1200 MPa Azoma,b dr 4 � 10�4 m Assumed
X 2:2 � 10�5 m3 mol�1 Eq. 1 dt 1:7 � 1012 s Calculated

ahttps://www.azom.com/properties.aspx?ArticleID=133.bFor conservative purposes, the minimum value is considered.

(a) Sample of lab-scale formation of corrosion
layers on both internal and external surfaces.

(b) The pipe (blue) with the imposed inner (orange) and outer
(red) pressure flows.

Fig. 1. Experimental sample of the corroded pipe (left) and the schematics of the internal/external flows (right) (Color figure online).
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Considering u as the infinitesimal displacement in
the radial direction, solving for the radial rr and
hoop rh stresses, one gets (‘‘Appendix 1’’):71

rr ¼
E

1 � m2

du

dr
þ m

u

r

� �

rh ¼
E

1 � m2

u

r
þ m

du

dr

� �
8>>><
>>>:

ð6Þ

From Fig. 1b, assuming the fRIandROg are the
inner and outer radii of the pipe, respectively, and
assigning the boundary conditions for the compres-
sive stresses as rr RIð Þ ¼ �PI and rr ROð Þ ¼ �PO , the
hoop stress rh is finally obtained in Eq. 7 as
(‘‘Appendix 1’’):

rh ¼
PIR

2
I � POR

2
O

R2
O � R2

I

þ R2
IR

2
OðPO � PIÞ
R2

O � R2
I

 !
1

r2
ð7Þ

which is the compressive stress generated by the
boundedness in the azimuthal (i.e., hoop) direction.

Corrosion Stress rPL

Figure 3 illustrates the infinitesimal variation in
the volumes by means of the superposition. In the
absence of the underneath metallic medium, the
oxidation will lead to the free expansion (shown in
green). However, due to boundedness from the
azimuthal (hoop) direction, the horizontal expan-
sion will translate into additional radial expansion
via Poisson’s effect (shown in red). As given in Eq. 8,
any swelling in the surface dr, is partially the result
of the natural oxidation with plastic irreversible
deformation drPL , as well as the straining due to

elastic lateral compressive stress (the Poisson effect)
drEL, as:

dr ¼ drPL þ drEL ð8Þ

The isotropic plastic straining can be explained by
Eq. 9 as:

drPL

r
¼ dxPL

x
; ð9Þ

where x is the hoop direction. Also, Poisson’s effect
is characterized by Eq. 10 as:

drEL

r
¼ m

dxPL

x
ð10Þ

Combining Eqs. 8, 9, and 10, we get the elastic
versus the total displacement ratio in Eq. 11 as:

drEL

r
¼ m

1 þ m
dr
r

ð11Þ

On the other hand, considering 2D augmentation

(i.e.,
dV
V

� dA
A

� dr
r

), the infinitesimal growth of the

elastic compressive stress drEL will be given in
Eq. 12 as:

drEL � K
m

1 þ m
dA

A
; ð12Þ

where the fraction
m

1 þ m
is the partial effect of

compressive stress on the swelling. The rest of the
expansion is due to sole oxidation, which does not
generate compressive stress. Therefore, the elastic

Fig. 2. Characterization of the stresses and equilibrium forces.
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compressive stress from the corrosion, drEL , is
caused by the portion of the swelling responsible for
Poisson’s effect.

During the oxidation, as the oxygen diffuses into
the metal matrix, an infinitesimal metallic volume
dVM is removed and then replaced plastically by the
respective oxide of higher volume dVPL , such that
dVPL ¼ RPBdVM, and RPB* is the Pilling–Bedworth
ratio,74 representing the oxide-to-metal volumetric
ratio. Hence, the total augmentation in the surface
dr turns into their difference ,obtained in Eq. 13 as:

dr ¼ ds� drM

¼ RPB � 1

RPB
ds;

ð13Þ

where the fraction
RPB � 1

RPB
(<1) shows the partial

effect of swelling from the replacement of the metal
dVM with the larger oxide volume dVPL.

Inner Corrosion

The parametrization of the inner corrosion is
shown in Fig. 4. The infinitesimal variations in the
radial direction dr and the oxide thickness ds are

correlated as: dr ¼ �RPB � 1

RPB
ds where the negative

sign represents their opposite growth pattern.
Hence, integrating from the initial value of r0 ¼ RI

and s0 ¼ 0 yields Eq. 14 as:

r ¼ RI �
RPB � 1

RPB
s ð14Þ

and, additionally, the infinitesimal oxide area
change dA in the radius r is given in Eq. 15 as:

dA ¼ 2p RI �
RPB � 1

RPB
s

� �
RPB � 1

RPB
ds ð15Þ

Furthermore, the total oxidized area A is given by
Eq. 16:

A ¼ p R2
O � RI �

RPB � 1

RPB
s

� �2
 !

ð16Þ

Hence, combining Eqs. 12, 13, 15, and 16, we
achieve the elastic stress rEL given in Eq. 17 as
(‘‘Appendix 2’’):

rEL ¼ K
m

1 þ m
ln 1 þRPB � 1

RPB

2RI

R2
O � R2

I

 !
s

 

þ RPB � 1

RPB

� �2 s2

R2
O � R2

I

! ð17Þ

Outer Corrosion

During the outer corrosion, which is parametrized

in Fig. 4, the correlation would be dr ¼ RPB � 1

RPB
ds,

and ds and dr are in the same direction. Integrating
from the initial values of r0 ¼ RO and s0 ¼ 0 we get
Eq. 18:

r ¼ RO þ RPB � 1

RPB
s ð18Þ

Respectively, the infinitesimal oxide area change dA
is attained in Eq. 19 as:

dA ¼ 2p RO þ R� 1

R
s

� �
RPB � 1

RPB
ds ð19Þ

and the total oxidized area is given in Eq. 20 as:

A ¼ p RO þ RPB � 1

RPB
s

� �2

�R2
I

 !
ð20Þ

Therefore, combining Eqs. 12, 13, 19, and 20, we
get the elastic stress rEL obtained in Eq. 21 as
(‘‘Appendix 3’’):

drEL

drPL

dr

dxEL

Metal

Oxide
Free

Expansion

Oxide
Confined
Expansion

Fig. 3. Swelling due to both oxidation and the lateral compressive stress; blue original metal, green free oxide expansion, red confined oxide
expansion (Color figure online).

*For Zr, RPB ¼ 1:56.73
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rEL ¼ K
m

1 þ m
ln

1 þRPB � 1

RPB

2RO

R2
O � R2

I

 !
s

þ RPB � 1

RPB

� �2 s2

R2
O � R2

I

0
BBBB@

1
CCCCA ð21Þ

Corrosion Kinetics

The corrosion consists of the two simultaneous
events of diffusion and reaction, which establishes a
mass–balance relationship. While the diffusion
event carries the oxygen atoms inside the metal,
the reaction term consumes them to turn metal into
the oxide. For simplicity, here we perform superpo-
sition for the diffusion–reaction event and explore
each of them individually below.

I: Oxygen Infiltration (Diffusion)

Regarding the change in the concentration due to

sole diffusion
dC

dt

� �
Diff

, the rate of influx is con-

trolled by the gradient of the oxygen concentration
C and stress r as:51,57

dC

dt

� �
Diff

¼ �Dr: rCþ fX
RuT

Crr

� �
ð22Þ

where D is the diffusion coefficient, f is the dimen-
sion-less contraction factor68 (0< f < 1), X is the
molar volume, Ru is the universal gas constant, and
T is the temperature. Such a relationship in the
radial distance for the concentration C(r, t) can be
expressed as (‘‘Appendix 4’’):

dC

dt

� �
Diff

¼ D
@2C

@r2
þ a rð Þ @C

@r
þ b rð ÞC ð23Þ

where RI < r<RO and the range of time are consid-

ered as 0< t <� R2
O

D
. The coefficients of a rð Þ and b rð Þ

are obtained as (‘‘Appendix 1’’):

a rð Þ ¼� 2DfXB
RuTr3

b rð Þ ¼ 6
fXB
RuTr4

8>><
>>:

ð24Þ

and the derivation is provided in the Appendix. The
corresponding initial condition would be the intact
metal (i.e., no oxygen) as:

C r; 0ð Þ ¼ 0 ð25Þ

The respective boundary conditions for both inner
and outer corrosion are shown in Table II, where
the constant boundary condition shows the contact
with the ambient oxygen supply, whereas the zero
derivative condition represents no escape of the
oxygen from the respective interface.

Table II. The boundary conditions for inner or
outer corrosion

Inner corrosion PIð Þ Outer corrosion POð Þ

CðRI; tÞ ¼ C0

@CðRO; tÞ
@r

¼ 0

(
@CðRI; tÞ

@r
¼ 0

CðRO; tÞ ¼ C0

(

δr
r

δrM

δs

1
Rδs

R−1
R δs

(a) Inner Corrosion.

δr

δrM

r

δs

R−1
R δs

1
Rδs

(b) Outer Corrosion.

Fig. 4. Schematics of the inner (a) and outer (b) corrosion; blue metal layer, red oxide layer, green augmented volume due to oxidation (Color
figure online).
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Numerical Solution

The non-linear Eq. 23 can be numerically solved
by segmenting the time and space intervals, dt and

dr , respectively. If Cj
I represents the time tj and the

radial distance rI , respectively, we utilize the
forward move in the time and space and re-write
Eq. 23 as:

Cjþ1
i � Cj

i

dt
¼ D

Cj
Iþ1 þ Cj

I�1 � 2Cj
I

dr2

þa rð Þ
Cj

iþ1 � Cj
i

dr
þ b rð ÞCj

I

ð26Þ

re-arranging the concentration values in the time
giving the neighbor-dependent concentration rela-
tionship in Eq. 27 as:

Cjþ1
I ¼ Q1C

j
I þQ2C

j
Iþ1 þQ3C

j
I�1

ð27Þ

and the QIs are the quotients extracted as in Eq. 28:

Q1 ¼ 1 � 2Ddt
dr2

þ a rð Þdt
dr

þ b rð Þdt

Q2 ¼ a rð Þdt
dr

Q3 ¼ Ddt
dr2

8>>>>>><
>>>>>>:

ð28Þ

Also, the boundary conditions in Table II are
translated into Table III.

Hence, the resolution criterion is obtained con-
servatively as (‘‘Appendix 5’’):

dt <
2D

dr2
þ 2fDXB
RuTr3dr

� 6fDXB
RuTr4

� ��1

ð29Þ

In order enlarge the application to the broader
ranges of scales, the dimensionless parameters are
defined by normalizing as:

r̂ ¼ r� RI

RO �RI
; Ĉ ¼ C

C0
t̂ ¼ D

R2
O

t; ŝ ¼ s

RO � RI
ð30Þ

since RI 	 r 	 RO and C 	 C0, hence 0 	 Ĉ; r̂; ŝ 	 1.
The evolution of the concentration profile based on
the parameters given in Table I for inner or outer
corrosion is shown in Fig. 5a and b, respectively.

II: Oxygen Consumption

The infiltrated oxygen becomes simultaneously
consumed via a corrosion reaction with the rate of

dC

dt

� �
Rxn

, which is obtained from:73

dC

dt

� �
Rxn

¼ �kC; ð31Þ

where k is the reaction constant for the oxidation.

Comparing the rates of the diffusion
dC

dt

� �
Diff

and

reaction
dC

dt

� �
Rxn

from the realistic values given in

Table I, we get:

Table III. The boundary conditions for the
numerical solution

Inner corrosion PIð Þ Outer corrosion POð Þ

Cj
1 ¼ C0

Cj
end�1 ¼ Cj

end

(
Cj

1 ¼ Cj
2

Cj
end ¼ C0

(

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

r̂

Ĉ

8
4
2
1

t̂ (×10−3)
t

(a) Inner Corrosion.

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

r̂

Ĉ

8
4
2
1

t̂ (×10−3)
t

(b) Outer Corrosion.

Fig. 5. The evolution of hypothetical oxygen concentration during the inner (left) and outer (right) corrosion; dashed lines represent the no-
pressure case scenario.
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dC

dt

� �
Diff

� D
C0

RO
� 10�15 mol s�1

dC

dt

� �
Rxn

� kC0 � 10�1 mol s�1

8>>><
>>>:

ð32Þ

which means that the rate of consumption is far
larger than the diffusion,33 albeit the events are
simultaneous. Therefore, upon reaching the reac-
tion sites, the earliest event to occur is the reaction
and the entire oxygen is consumed to stoichiometric
saturation. In fact, the hypothetical concentration
profiles shown in Fig. 5a and b never become
established physically in the presence of exception-
ally large reaction rates, and the thickness of the
oxide scale, s, will be their reaction-equivalent case
scenario. Hence, for corrosion in the vicinity of the
radial distance, r, we get Eq. 33 by means of mass
balance:

s ¼ X
2pr

Z RO

RI

CdA; ð33Þ

where X is the molar volume of the oxygen, 2pr is
the peripheral area of the oxidation interface in the
radial distance r, C is the hypothetically established
concentration throughout the radial range
RI < r<RO , and dA is the respective infinitesimal
area. Figure 6 illustrates the evolution of the oxide
thickness ŝ versus time t̂ in dimensionless form for
both inner or outer corrosion, where the role of the
location on the rate of corrosion has been
emphasized.

RESULTS AND DISCUSSION

From Fig. 5, it can be seen that the filling of the
oxygen concentration within the medium has a
higher rate for the pressurized case. The underlying

reason is the radial stress rr, which directly
enforces a higher flux of the oxygen than of typical
diffusion.

The accumulated stresses in the inner and outer
corrosion based on Eqs. 17 and 21 are presented
within Fig. 7, and have been compared with the
experimental data, which are in larger part in close
proximity to each other. The relative earlier failure
of the prior could be attributed to the difference in
their experimental setup and process.75,76 For
instance, Garzarolli et al.77 has performed prior
irradiation to the samples as well as using a boiling
water reactor (low pressure) condition, which makes
a deeper (i.e., weaker) nodular oxide [vs. the
uniform oxidation in a pressurized water reactor
(PWR; high pressure)] and could fail earlier. Also,
Stehle et al.78 have considered the hydride role and
orientation, which additionally contributes to the
failure. However, the results of Hillner et al.,69

which refer the PWR conditions, are in closer
agreement with our results.

The linear appearance in these graphs shows that
the fracture of the material occurs upon the forma-
tion of a thin layer, where s 
 RO �RI. In fact, one
can approximate the corrosion stress rEL via the
Taylor expansion, ignoring the higher-order terms�.
Therefore, linearization of Eqs. 17 and 21 yields the
accumulated elastic stress at the given interfacial
radius, r, as:

rEL � K
m

1 þ m
RPB � 1

RPB

2rs

R2
O � R2

I

ð34Þ

which means that the amount of the accumulated
stress rEL is proportional to the radius of the
corrosion, r. Looking moire closely to the non-linear
form of the stress in Eqs. 17 and 21, it is initially

obvious that
@rEL

@s
>0. Additionally, we realize that:

d2rEL

ds2
� � RPB � 1

RPB

� �2 2RI

R2
O �R2

I

 !2

< 0 ð35Þ

and, therefore, the form of the stress accumulation
versus oxide thickness is concave, which becomes
more apparent during extended corrosion scale.
Also, for the corrosion in the vicinity of a given
radial distance, r, the critical thickness sc; where
the medium fails due to compressive stress, is
obtained from setting rEL ¼ ru;c in Eq. 34 as:

sc ¼
ru;c
K

1 þ m
m

RPB

RPB � 1

R2
O � R2

I

2r
; ð36Þ

where ru;c is the compressive strength of the
material. Furthermore, the interpretation from
Eq. 36 yields:

r ") sc # ð37Þ

0 2 4 6 8
·10−2

0

0.2

0.4

0.6

0.8

1

ŝ

RI

RO

t̂

Interfacial
Radius

Fig. 6. Evolution of the oxide thickness ŝ in the locations of the inner
RI and outer RO radii; solid with pressure, dashed no pressure.

�In when x is small.
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which implies that the inner corrosion has a faster
rate of growth, since less material is needed to
generate a similar oxide thickness, s, as shown in
Fig. 6 (i.e., since RO >RI , therefore sc;O < sc;I) . Thus,
having a similar oxide thickness, s, the amount of
the accumulated stress for the outer corrosion is
larger than for the inner corrosion, which is rea-
sonable, since the outer boundary possesses a
higher amount of the material leading to the
compressive stress compared with the inner. The
main reason for the decrease in the rate of oxide
growth has been attributed to the lower accessibility
of the inner regions of the corrosion to the supply of
oxygen in the boundary,73 where the larger the
depth of the oxide, the harder the corrosion inter-
face can breathe.

Regarding the variation of the critical thickness sc
versus the Poisson ratio, from Eq. 36 we get:

@sc
@m

� � 1

m2
<0 ; ð38Þ

which means their inverse correlation. In fact, it is
obvious that the more the lateral effect imposed by
the Poisson ratio, the earlier the medium breaks.

Finally, regarding the resolution criterion pro-
vided in Eq. 29, the extra terms show the need for a
finer segmentation in time dt versus the radial
segmentation dr in the polar-to-planar diffusion

where solely dt 	 dr2

2D
.79 This can be attributed to the

extra term in the gradient in the polar coordinates
relative to the planar coordinate, which requires a
more strict criterion for time versus space
discretization.

CONCLUSION

We have developed a time and thickness-depen-
dent framework for the buildup of the compressive
stresses within the oxide medium, via considering
the fractional role of the swelling on generating the
stress. Also, we have coupled the resulting stress
with the pressure-induced fluid pressure for either
the inner or outer corrosion. Performing the super-
position for the accumulation and consumption of
the oxygen, we compute the diffused oxygen into the
metal and obtain the resulting equivalent oxide
thickness stoichiometrically, which represents the
fractional swelling of the surface via metal removal
and oxide addition. Adding the elastic stress due to
pressure as well as the corrosion effect, we use it as
a measure for anticipating the onset of mechanical
failure. Our formulation, which is based on the
physical parameters involved, could be useful for
the design and maintenance process of high-pres-
sure pipes in aqueous environments.
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Fig. 7. The stress buildup versus the thickness, illustrating the total accumulated stress at the verge of failure. The range of previous
experimental findings is illustrated via the blue region (Color figure online).
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APPENDIX

Here, we present the detailed steps for establish-
ing the relationships shown in the article.

1. Elastic Stress rEL (Eq. 7)

Imposing the internal and external pressures PI

and PO, the radial rr and hoop rh elastic stresses
develop, as shown in Fig. 1b which are theonly
function of radius r due to polar symmetry. Cutting
out the infinitesimal element shown in Fig. 2b, the
balance relationships in the horizontal direction
would be: X

Fx ¼ 0

therefore:

rr þ
@rr
@r

dr

� �
� rþ drð Þdh� rr � rdh� 2rh � dr � dh

2
¼ 0

where by simplification and ignoring the higher-
order terms, we arrive at Lame’s relationship
as:71,72

@rr
@r

þ rr � rh
r

¼ 0

Regarding the strain �, if u is the infinitesimal
displacement in the radial direction, from the
Hook’s generalized law, one gets:71

�r ¼
du

dr
¼ 1

E
rr � mrhð Þ

�h ¼
u

r
¼ 1

E
rh � mrrð Þ

8><
>:

Solving for the radial rr and hoop rh stresses and
replacing in terms of the infinitesimal displacement,
u, one gets:

rr ¼
E

1 � m2

du

dr
þ m

u

r

� �

rh ¼
E

1 � m2

u

r
þ m

du

dr

� �
8>>><
>>>:

ð39Þ

replacing the Eq. 39 into the compatibility Eq. 5
and simplifying we get:

d

dr

1

r

d

dr
u:rð Þ

� �
¼ 0

where integrating leads to:

u ¼ C1rþ
C2

r

From Fig. 1b, assuming the fRI;ROg are inner
and outer radii of the pipe, respectively, and
assigning the boundary conditions for the compres-
sive stresses as rr RIð Þ ¼ �PI and rr ROð Þ ¼ �PO , the
hoop stress rP is finally obtained as:

rr ¼ Aþ B

r2

rh ¼ A� B

r2

8><
>: ð40Þ

where A and B are constants obtained by the
following relationships:

A ¼ PIR
2
I � POR

2
O

R2
O � R2

I

B ¼ R2
IR

2
OðPO � PIÞ
R2

O � R2
I

8>>><
>>>:

ð41Þ

Since the compressive stress causing the failure is
the hoop direction, therefore rP ¼ rh , and hence
Eq. 7 is obtained as:

rP ¼ PIR
2
I � POR

2
O

R2
O � R2

I

þ R2
IR

2
OðPO � PIÞ
R2

O � R2
I

 !
1

r2
ð42Þ

which is the compressive stress generated by the
boundedness in the azimuthal (i.e., hoop) direction.

2. Corrosion Stress (Eq. 17)

rEL ¼ K
m

1 þ m
dA

A

¼ K
m

1 þ m

Z s

0

2p RI �
R� 1

R
s

� �
R� 1

R
ds

p R2
O � RI �

RPB � 1

RPB
s

� �2
 !

¼ K
m

1 þ m

Z s

0

�R� 1

R

RO þ RI �
RPB � 1

RPB
s

þ
R� 1

R

RO � RI þ
RPB � 1

RPB
s

0
BB@

1
CCAds

¼ K
m

1 þ m
ln RO þ RI �

R� 1

R
s

� ������
s

0

þ ln RO � RI þ
R� 1

R
s

� ������
s

0

 !

¼ K
m

1 þ m
ln 1 � R� 1

R

s

RO þ RI

� �
þ ln 1 þR� 1

R

s

RO � RI

� �� �

¼ K
m

1 þ m
ln 1 þ R� 1

R

s

RO � RI
� R� 1

R

s

RO þ RI
þ R� 1

R

� �2 s2

R2
O � R2

I

 ! !

¼ K
m

1 þ m
ln 1 þ R� 1

R

2RI

R2
O � R2

I

 !
sþ R� 1

R

� �2 s2

R2
O � R2

I

 !
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3. Corrosion Stress (Eq. 21)

rEL ¼ K
m

1 þ m

Z s

0

2p RO þ R� 1

R
s

� �
R� 1

R
ds

p RO þ R� 1

R
s

� �2

�R2
I

 !

¼ K
m

1 þ m

Z s

0

R� 1

R

RO þ R� 1

R
s� RI

þ
R� 1

R

RO þ R� 1

R
sþ RI

0
B@

1
CAds

¼ K
m

1 þ m
ln 1 þ R� 1

R

s

RO � RI

� �
þ ln 1 þ R� 1

R

s

RO þ RI

� �� �

¼ K
m

1 þ m
ln 1 þ R� 1

R

2RO

R2
O � R2

I

 !
sþ R� 1

R

� �2 s2

R2
O � R2

I

 !

4. Equation 23

Translating Eq. 22 into a 1D radial direction, we get:

dC

dt

� �
Diff

¼ Dr: rCþ fX
RuT

Crrr

� �

¼ D
@

@r

@C

@r
þ fX
RuT

C
@rr
@r

� �

The rr is obtained from Eqs. 40 and 41, therefore:
@rr
@r

¼ � 2B

r3
, replacing gives:

dC

dt

� �
Diff

¼ D
@

@r

@C

@r
� 2fXCB

RuTr3

� �

¼ D
@2C

@r2
� 2fXB
RuTr3

@C

@r
þ 6

fXB
RuTr4

C

� �

¼ D
@2C

@r2
þ a rð Þ @C

@r
þ b rð ÞC

and the coefficients a and b are obtained, respec-
tively, as:

a rð Þ ¼ � 2DfXB
RuTr3

; b ¼ 6
fDXB
RuTr4

5. Equation 29

In order to have a stable solution, we need to have
Q1 >0, hence:

1 � 2Ddt
dr2

þ a rð Þdt
dr

þ b rð Þdt > 0

replacing the a and b values gives:

1 � 2Ddt
dr2

� 2DfXB
RuTr3

dt
dr

þ 6fDXB
RuTr4

dt > 0

which means that:

dt <
2D

dr2
þ 2fDXB
RuTr3dr

� 6fDXB
RuTr4

� ��1

U
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