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Graphene-based polymers exhibit a conductive microstructure formed by aggregates in a matrix which

drastically enhances their transmitting properties. We develop a new numerical framework for predicting

the electrical conductivity based on continuum percolation theory in a two dimensional stochastically-

generated medium. We analyze the role of the flake shape and its aspect ratio and consequently predict

the onset of percolation based on the particle density and the domain scale. Simultaneously, we have

performed experiments and have achieved very high electrical conductivity for such composites

compared to other film fabrication techniques, which have verified the results of computing the

homogenized electrical conductivity. As well, the proximity to and a comparison with other analytical

models and other experimental techniques are presented. The numerical model can predict the

composite transmitting conductivity in a larger range of particle geometry. Such quantification is

exceedingly useful for effective utilization and optimization of graphene filler densities and their spatial

distribution during manufacturing.

1 Introduction

Over the last decade, researchers have incorporated graphene-
based fillers to improve the electrical conductivity of various
polymers.1–4 The typical electrical conductivity of polymers falls
in the range of 10�14 to 10�17 S cm�1.5 The significance of
particulate graphene is its large aspect ratio.6 Recently, the
solution mixing followed by compression molding method has
been utilized to prepare poly-vinylidene fluoride (PVDF) encom-
passing graphite nanoplatelets (GNPs), where the respective
electrical conductivity of the composite has increased from
1.48 � 10�12 S m�1 for pure PVDF to 0.032 S m�1 for the PVDF
composite with 4 wt% of GNP.7 Additionally, the thermal
compression method has improved the electrical conductivity
of such composites to B30 S m�1 via inclusion of 25 vol%
GNFs (graphene nanoflakes).8 Moreover, the fabrication of
self-aligned rLGO/PVDF–HFP (reduced large-area graphene
oxide/poly-vinylidene fluoride-co-hexafluoropropylene) compo-
site films through a simple solution casting followed by low
temperature chemical reduction process achieved an electrical

conductivity of B3000 S m�1 for 27.2 wt% of rLGO.9 Recently,
the solution mixing and molding process has led to an ultra-
high conductivity value of B4445 S m�1 for a 20 wt% of pure
graphene flakes in PVDF–HFP composite.10

Percolation theory in fractal media is a conventional
approach in modeling the transport properties of composite
media,11–13 where their structure mimics a truncated fractal
domain14 and their physical properties, including the electrical
conductivity s, follow the power law:

s B (p � pc)t

where p is the volume fraction of the conductive filler, pc is the
threshold volume fraction for percolation through the entire
domain, and t is a dynamic conductivity exponent that depends
on the shape and distribution of the fillers.15 The irregularity of
the exponent demonstrates the disorderly behavior in conduct-
ing–insulating composites16 when approaching the percolation
threshold from above as the medium becomes highly aniso-
tropic with highly tortuous conducting pathways.17 Hence, the
electrical conductivity is considerably affected by the degree
of integration of fillers, which was conveniently obtained with
carbon nanotubes at significantly low filling percentages.18

Guided by this intuition the electrical performance of compo-
sites such as polymer–graphene was improved through
varying the structural properties, production methods, and
post-production routines.6
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General effective media (GEM) theory likewise gave approx-
imate formulations to predict the electrical conductivity of
composite media19–21 that are still employed for conductive
percolation systems with significant accuracy.22,23 In these models,
the electrical conductivity of a composite of two materials is
correlated with the conductivity of both materials, the critical
volume fraction, and a power exponent that represents the fractal
dimension, conductor–insulator transition point, or the effective
demagnetization coefficient of the grain structure.

On the other hand, the electrical conductivity power law
was verified by Finite Volume Methods (FVM) and Monte Carlo
simulations that calculated the electrical conductivity of PVDF/
graphene and other conducting–insulating composites.24,25

The results of these numerical models displayed the depen-
dence of the electrical conductivity on the spatial distribution
of filler particles inside the composite as they could vary from
stochastic to Gaussian. Moreover, the percolation threshold for
conductance decreases with the particle aspect ratio.

The presented work is structured as follows. In Section 3 we
present the technique of producing the highly connected
graphene–polymer composite films and the adopted procedure
for measuring the electrical conductivity across the films.
Section 2 demonstrates the formulation of the novel numerical
percolation model and the generation of the stochastic particle
domains. Then, in Section 4, our results are compared with
documented results and the suggested model is validated and
compared with previously proposed analytical models of composite
material conductivity. Section 5 concludes the article with a
summary of the major findings and suggestions for future work.

2 Modeling

We present a new framework to estimate the effective electrical
conductivity of polymer–graphene composites using a percolation
model with stochastically distributed particles based on their
geometry and the domain scale. The process is divided into four
major routines as shown in Fig. 1 and explained in detail below:

2.1 Initialization

The generated graphene particles are considered elliptical
in shape with varying aspect ratios deduced from Fig. 3a.
The particles have semi-major and semi-minor axes {a,b} with
center coordinates of (xi,yi) and respective orientation yi where
N is their multiplicity. The geometric dimensions of the ellipses

are generated proportionally to the number density of particles
in the normalized domain such that {a,b} B 1/N with N ellipses
dispersed per iteration, and hence we define the aspect ratio as

r :¼ b

a
varying within r A {0.02, 0.08} to identify the parameters

that properly represent the graphene–polymer medium.

2.2 Adjacency evaluation

The connection of the percolating clusters is defined by the
adjacency matrix Ai,j. The equation of an individual ellipse with
semi-major and semi-minor axes of a and b, centered at
position (xi,yi), and rotated by angle yi, is given by:

1

a2
ðx� xiÞ cos yi þ ðy� yiÞ sin yið Þ2

þ 1

b2
ðx� xiÞ sin yi � ðy� yiÞ cos yið Þ2¼ 1

(1)

There is a simple model to check whether two ellipses that
are described by eqn (1) intersect which illustrates the use of
the Vieillard–Baron contact function C 26 and the coefficients f1

and f2 used frequently for elliptic percolation as:27–29

C ¼ 4 f1
2 � 3f2

� �
f2

2 � 3f1
� �

� ð9� f1 f2Þ2

fb ¼ 3þ A� B� C

A ¼ a

b
� b

a

� �2

sin2 y2 � y1ð Þ

B ¼ 1

a2
x2 � x1ð Þ cos yb þ y2 � y1ð Þ sin yb

� �2
C ¼ 1

b2
y2 � y1ð Þ cos yb � x2 � x1ð Þ sin yb

� �

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

where b = 1, 2 are the subscripts denoting the two ellipses. f1

and f2 are the coefficients in the cubic polynomial of eigenva-
lues derived by setting the determinant of the pencil of conics
of the intersection points between the two ellipses to zero, and
C is the discriminant of this determinant.26 The connection
criterion is thus extracted from the sign of the discriminant and
determinant coefficients as follows:26

Co 0

or ! Intersect

fC; f1; f2g4 0

8>>><
>>>:

Subsequently, the adjacency matrix Aij(N
2 � N2) is created for

percolation computations through the entire medium, which is
then utilized to investigate the existence of percolation passages.

2.3 Percolation pathways

Continuum percolation is performed at each iteration depend-
ing on the available connected ellipses from the edges of the
medium, and the shortest connecting pathways are selected.
Consequently, they are added to the list of percolation path-
ways, and new unique and optimal pathways are re-scanned
iteratively until none are found. For optimal path detection,
Dijkstra’s algorithm is utilized,30 which is not only used for

Fig. 1 Pseudo-flowchart of the numerical procedure and signature steps
in each sub-routine for extracting the homogenized conductivity of
graphene flakes mixed in a polymer matrix.
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elliptical percolation,31,32 but also proved beneficial in cases
including, but not limited to, path-planning,33–35 chemical
particle distributions,36 combustion kinetics,37 and anatomical
therapeutic drug detection.38

The Dijkstra algorithm depends on contacting ellipses and
assigns costs for paths as the normal distance between the
centers of the ellipses in comprising the path. For this purpose,
the adjacency matrix Aij computed above is coupled with
the positions of the particles (xi, yi) to compute the normal
distances and generate the cost matrix Cij. These costs are
represented by the blue segments in Fig. 2a, and show the
background graph of connections. The algorithm starts from a
set of ellipses and finds local minimum cost connections to
reach the final destination. The search for the starting and
ending particles is limited to those within a distance of a from
any of the boundaries. Whenever a new shorter path is found
through a different, but not necessarily unique, set of contact
ellipses, the previous longer path is replaced by the new
optimized path. Fig. 2b shows for a randomly generated set
of ellipses the unique and most optimal percolation paths.

2.4 Effective conductivity

An intermediate parameter is the cluster size of partial connec-
tion to only one edge (Âpart), which is normalized and computed
using the burning algorithm.28 The forward percolation starts
from one side of the domain, and moves sequentially through
the connected particles via 1st-order neighbors until no further
progress is made.

The additional computed parameters include the nor-
malized area of pathways Âi and their respective tortuosity ti.

The computation of overlapped areas can be performed via
the Polyshape MATLAB toolkit. The merged non-uniform
shape is illustrated by comparing the intersections of red
particles in Fig. 2a and the joined color-coded pathways in
Fig. 2b.

The individual tortuosity ti is calculated as:

ti ¼
li

di
(2)

where li and di are the total length and shortest distance
between the path edges. As such, the homogenized electrical
conductivity seff, the homogenized effective electrical conduc-
tivity of the medium, can be calculated noting the porosity Âtot

and individual tortuosity of pathways ti as follows:39,40

seff ¼ sg
Âtot

t2
¼ sg

Xn
i¼1

Âi

ti2
(3)

where sg is the electrical conductivity of graphene, and Âi is
the normalized area of the optimal percolation pathways
at each realization of the domain. Moreover, the estimation
of the saturated area Âtot is stochastically computed via the
following:

Âtot ¼ 1� e
�NAe

Ad (4)

where Ad is the area of the simulated domain, and Ae = pab =
pra2 is the area of a single ellipse. Âtot is the total filling area of
the particles in the domain representing the graphene phase,
which is calculated based on the excluded volume principle.41

Fig. 2 Top: Pathways of continuum elliptic percolation with a filler aspect ratio of r = 0.05 and a domain scale of L = {225, 400, 625} for the left, center
and right images, respectively. Bottom: The color-indexed pathways, representing their proximity to the domain boundary.
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3 Experimental

Graphene flakes with 98.5% purity from Graphene 3D Lab Inc.
(US) and N,N-dimethylformamide (DMF) and the PVDF–HFP
copolymer at 25 1C from Sigma-Aldrich (Germany) were used.
The composite samples were molded in a heat resistant cubical
silicone mold with multiple cavities from Silikomart (Italy).
The flakes were approximated with an elliptical shape of a
longitudinal length of lp E 7 mm and thickness tp C 1.1 nm
given by the manufacturer. As a result, we have very large flake
aspect ratios in the bilateral direction lp/tp B 103, which favors
domination of the effective transport along the plane of the
flakes. The particle length lp is verified through image proces-
sing of sample sections of the produced composite films as
shown in Fig. 3a.

Several samples of the graphene–polymer composite films
stated in Fig. 3b were produced with different graphene weight
content, which was calculated using the simple mixing rule:

rC = (1 � W) � rP + W � rG

where rC is the density of the composite, rP B 1.8 g mL�1 is the
density of the polymer, rG B 2.2 g cm�3 is the density of
graphene, and W is the weight percentage of graphene.
The process of producing the films comprised several ordered
steps as follows (Table 1):

1. Mix the graphene dispersion with the polymer mixture
according to the volume sets in Fig. 3b.

2. Mold the mixed solution to form polymeric composite
films with various graphene wt%.

3. Evaporate the solvent (DMF) from the solution. DMF was
used to dissolve PVDF–HFP copolymer pellets. It was also used
to dissolve graphene powder creating a graphene dispersion,
where the dispersion was then bath sonicated for 30 min at 35 1C.

4. Heat to a temperature of B70 1C and then stir for 10–15 min
using a magnetic stirrer (500–1000 rpm), and after that pour
the solution into a cavity in the silicone mold. Finally, place the

mold inside an electric oven for 24 h at 90 1C after making
sure that the solvent (DMF) was evaporated entirely from the
mixture of each sample.

The surface morphology for every sample was inspected
using a MIRA 3 LMU, a scanning electron microscope from
Tescan Inc., at an accelerating voltage of 20 V as shown in
Fig. 4. The graphene–polymer binarization (black and white)
was done via thresholding using Otsu’s method42 where the
values below the threshold represent the composite polymer
and graphene flakes are in red otherwise. The thickness of each
film was measured using a gauge from MP1 Brunswick Instru-
ment with 2 mm resolution. The electrical conductivity for each
film was measured using a four-point probe system from Ossila
(UK). For the in-plane electrical conductivity, the change in the
voltage across the inner two probes is measured when current
is passed between the outer two probes. The electrical con-
ductivity (s) was calculated using this equation:

s ¼ lnð2Þ
p

I

d � DV

where d is the composite film thickness, I is the measured
electrical current across the sample, and DV is the measured
voltage difference. Each film was measured 25 times, and the
average value was reported for each film. For each measure-
ment, composite films with the following dimensions (length:
30 mm; width: 15 mm; and thickness: 0.2–0.5 mm) were used.

4 Results and discussion

The proper choice of parameters for predicting the electrical
conductivity of graphene–polymer composites is a complex
process. We have developed a systematic procedure for properly
choosing the parameters, utilizing the intrinsic properties of
the percolating media of such cluster features and thresholds,43,44

as well as identifying the role of the particle aspect ratio.45–48 The
trend of the tortuosity in Fig. 5a shows an asymptotic decrease

Fig. 3 Experimental procedure. Left: Statistical tracking of particle size for a sample cross section of the graphene–polymer film. Right: The selected
volumes for the included graphene, where the weight ratio is calculated from the densities of graphene rg [5 g L�1] and the polymer rp [20 g L�1],
respectively.
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towards its lower bound of t = 1. Therefore, the higher multiplicity
of the graphene particles provides more straight pathways for
percolation. The percolation threshold is the smallest for the
lowest aspect ratio, representing the best possibility of overlap-
ping for elongated particles for connection. On the contrary, the
low aspect ratio particles (r - 1) tend to accumulate more with
lower feasibility of overlapping. Note that the saturation of the
total area correlates non-linearly with the particle density in the
domain via eqn (4).27,29,48 Thus, more graphene particle satura-
tion provides higher conductivity, albeit less effectively.

As well, in Fig. 5b the saturation in the partial percolation
pathways shows direct correlation with the original porosity Âtot.
The largest percolation cluster belongs to the elongated particles
(i.e. low aspect ratio) due to higher probability of overlapping.
As well, the early saturation of the medium in this figure shows the
effectiveness of the partial clusters, consistent with Fig. 4. Although
partial pathways are frequent, they typically rarely complete to the
other side, especially beyond the percolation threshold.

It is also critical to determine the surface area ratio of graphene to
the polymer from the SEM images in Fig. 4. The simulated effective

Table 1 Best attempts to enhance the electrical conductivity of polymers using graphene with weight ratios ŵg using different fabrication techniques.
The achieved electrical conductivity for composites with different graphene wt% is presented

Composition of films Preparation method ŵg (wt%) sExp. (S m�1)

GNP solution in PVDF7 Solution mixing, casting and hot pressing 4 0.031
Graphene oxide (GO) in PVDF49 Solution mixing, GO reduction using solar radiation 7 10
Graphene flakes incorporated in PVDF–HFP10 Vigorous solution mixing, molding 20 4445
rLGO in PVDF–HFP50 Solution mixing, casting, chemical reduction 27.2 3000
Functionalized graphene sheets with nanodiamond
fillers (FGS/ND) with PVDF51

Ultrasonic dispersion, hot pressing 45 7.1 � 10�5

GNF solution in PVDF8 Melt compression of graphene with PVDF in an
L-shaped tube

25 vol% 30

Fig. 4 Grayscale: SEM images of the graphene flakes. Color: the binarized image distinguishing the filler from the matrix, for two weight percentages W
of graphene.

Fig. 5 Computed tortuosity (left) and the fractional area of percolating clusters from the boundary based on the domain scale (dotted L = 225, dashed
L = 400, solid L = 600).
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percolation pathway area for various aspect ratios (Âeff ¼
P

Âi)
via flowchart Fig. 1 and theoretical calculations of the effective
areas were in agreement, and they lie in the region of particles
with aspect ratios r A [0.02, 0.05]. Although the particle long-
itudinal dimension was measured to be lp B 7 mm with an
approximate aspect ratio of E0.5 as shown in Fig. 3a, the behavior
of the particles, particularly at higher scales, shows a strip-like
agglomeration of particles that is better represented by high
aspect ratio ellipses of lower density. This behavior can be
attributed to the fabrication process where graphene flakes
aggregate to form thin interfaces adjacent to polyhedral polymer
particles52,53 as seen in the SEM images (Fig. 4). Additionally, the
size and aspect ratio of graphene particles may change during the
preparation of the composites due to high speed mechanical
mixing of the graphene dispersions. As a result, the effective
flake size of the graphene flakes may be much smaller than seen
in Fig. 3a.

Therefore, we proceeded with calculating the total electrical
conductivity of the medium according to eqn (3) for a set of aspect
ratios of r = {0.025, 0.05, 0.1} for the proper applicability of
continuum percolation theory to the experimental samples. It is
needless to mention that the performance of the simulations in
2D and the experiments in 3D is another source of deviation. The
3D experiments lead to less overlapping of the particles, which
correlates with the 2D planar simulations of higher aspect ratio.

Fig. 6a shows that the normalized percolation cluster den-
sity r̂(L) reduces with the scale of the medium L versus various
particle aspect ratios. This is approximated by the power law:

r̂(L) B LD�d

where D is the fractal dimension of the medium and d = 2 for a
2D domain.54 As well, the extracted power coefficient shows
faster decline in the density for the highest individual aspect
ratio (i.e. circle-like) since the connectivity is more hampered
on larger scales. This is a result of the high number clustering
and low connectedness, which creates larger voids. Vice versa,

the density of particles with lower individual aspect ratio
(i.e. smear-like) declines less rapidly with scale since they main-
tain more connected clusters stretching through the domain.

Fig. 6b is a plot of the effective electrical conductivity of the
graphene–polymer composite as a function of the total filling
area of particles. The experimental results (red crosses) and the
elliptic simulation values (blue curves) are compared against
the experimental values in the literature8,9,55 and the theore-
tical understanding.56–58 The experimental values are lower
than the computational results for the most part, emphasizing
the higher possibility of intersection in 2D (simulations)
relative to 3D (experiments), given the same density of particles.

The SEM images in Fig. 4 show that the larger particles of
coagulated graphene are connected to smaller pigments that
vary in aspect ratio and percolating area.

The models for predicting the conductivity of composite
materials are presented in Fig. 5. The first model is the classical
percolation power law approximation59,60 suggested in ref. 58:

seff ¼ sg
Â� Âc

1� Âc

 !t

; Â4 Âc (5)

where Âc is the normalized area ratio at the percolation thresh-
old, and t is a power constant given in Table 2. Although this
model accurately predicts the percolation threshold and the
conductivity beyond it, it possesses an asymptotic limit at
the percolation threshold. For Â o Âc, the model cannot explain
the conductivity of the polymer at extemely low graphene
contents, whereas for Â 4 Âc the model is driven by particle
aggregates where spm, the electrical conductivity of the polymer
matrix, becomes relatively infinitesimally small.59

Another semi-analytical model describes the limiting transi-
tion between the non-conducting and conducting phases of the
mixture, established based on the Fermi–Dirac distribution:56

logðseffÞ ¼ logðsgÞ þ
logðspm

�
sgÞ

1� ebðÂ�ÂcÞ
(6)

Fig. 6 Left: The in-plane percolation cluster density versus the normalized domain length scale with the variation in the particle aspect ratio. Right: The
conductivity comparison of simulations/experiment/literature data (�: experimental values; D, &, J, }: literature values; . . .: theoretical models; blue:
elliptic simulations with variant aspect ratio).
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where b is a fitting parameter that controls the rate of the
conductivity transition from the insulating to the conducting
phase through the percolation threshold. Although this model
has a continuous domain across the percolation threshold, its
predictions diverge away from the experimental results. The
model appears to be rigid in its description of the transition
between the insulating phase (Â o Âc) and the conductive
phase (Â 4 Âc) where the transition becomes very steep at the
percolation threshold.

The final model illustrated in Fig. 6a corrects the general
effective media theory (GEM) with percolation principles to
properly estimate the binary media properties of various parti-
cle dispersion geometries,57 which is described as:61

seff ¼ spm Oþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
O2 þ Âc

1� Âc

 !
sg
spm

� �1=t

vuut
2
4

3
5
t

O ¼ 1

2ð1� ÂcÞ
1� Âc � Âþ ðÂ� ÂcÞ

sg
spm

� �1=t
" #

8>>>>><
>>>>>:

(7)

The models in eqn (7) and (5) have closely predicted the
percolation limit and transport percolation exponent, where
McLachlan suggests a smoother transition between the low and
high conductivity phases similar to the results produced by our
numerical model.

5 Conclusion

To produce graphene–polymer composite films with exception-
ally high electrical conductivity, we incorporated 98.5% pure
graphene flakes into PVDF-HEP through rapid vortex mixing at
elevated temperatures, which led to the formation of highly
connected graphene clusters. Subsequently, we developed a
novel percolation-based numerical model to predict and ana-
lyze such enhancement by utilizing stochastic continuum
realizations of dispersed elliptic particles in 2D planes.
The optimal percolation pathways obtained through Dijkstra’s
algorithm become dominant predictors of the electrical
conductivity of the homogenized conductor–insulator medium
above the percolation threshold.

The adopted experimental procedure has surpassed the
electrical conductivity for previously-reported lower dispersed
graphene density. The model correlates well with the experi-
mental results and is in agreement with the theoretical under-
standings. The low scale-sensitivity of the tortuosity and
partially-formed clusters to the original particle density and
aspect ratio shows the applicability of the results independent
of the magnitude. The simulated particles with low aspect ratio

showed better inter-connectedness and enhanced conductivity,
especially at higher scales.

Overall, the presented fabrication technique showed its
advantage over reported methodologies and can be easily
used to produce highly conductive composite films. On the
other hand, the suggested percolation-based numerical
model showed its compatibility in tackling composite media
properties, and future developments are directed towards
encompassing the variation and multiplicity in the particle
shape and aspect ratio, as well as expanding the model prior
to the percolation threshold and analyzing its sensitivity in its
neighborhood.
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17 A. Celzard and J. F. Marêché, Non-universal conductivity
critical exponents in anisotropic percolating media: a new
interpretation, Phys. A, 2003, 317(3–4), 305–312.

18 M. Foygel, R. D. Morris, D. Anez, S. French and
V. L. Sobolev, Theoretical and computational studies of
carbon nanotube composites and suspensions: electrical
and thermal conductivity, Phys. Rev. B: Condens. Matter
Mater. Phys., 2005, 71(10), 104201.

19 D. S. McLachlan, Equations for the conductivity of macro-
scopic mixtures, J. Phys. C: Solid State Phys., 1986,
19(9), 1339.

20 D. S. McLachlan, Measurement and analysis of a model dual-
conductivity medium using a generalised effective-medium
theory, J. Phys. C: Solid State Phys., 1988, 21(8), 1521.

21 D. S. McLachlan, Equation for the conductivity of metal–
insulator mixtures, J. Phys. C: Solid State Phys., 1985,
18(9), 1891.

22 W. Xu, Z. Zhu and D. Zhang, Continuum percolation-based
tortuosity and thermal conductivity of soft superball sys-
tems: shape dependence from octahedra via spheres to
cubes, Soft Matter, 2018, 14(43), 8684–8691.

23 Y. Chen and C. A. Schuh, Diffusion on grain boundary
networks: Percolation theory and effective medium approx-
imations, Acta Mater., 2006, 54(18), 4709–4720.

24 A. Manta, M. Gresil and C. Soutis, Predictive model of
graphene based polymer nanocomposites: electrical perfor-
mance, Appl. Compos. Mater., 2017, 24(2), 281–300.

25 A. B. Oskouyi, U. Sundararaj and P. Mertiny, Tunneling
conductivity and piezoresistivity of composites containing
randomly dispersed conductive nano-platelets, Materials,
2014, 7(4), 2501–2521.

26 J. Vieillard-Baron, Phase transitions of the classical hard-
ellipse system, J. Chem. Phys., 1972, 56(10), 4729–4744.

27 W. Xia and M. F. Thorpe, Percolation properties of random
ellipses, Phys. Rev. A: At., Mol., Opt. Phys., 1988, 38(5), 2650.

28 Y.-B. Yi and A. M. Sastry, Analytical approximation of the
two-dimensional percolation threshold for fields of over-
lapping ellipses, Phys. Rev. E: Stat., Nonlinear, Soft Matter
Phys., 2002, 66(6), 066130.

29 J. Li and M. Östling, Precise percolation thresholds of two-
dimensional random systems comprising overlapping
ellipses, Phys. A, 2016, 462, 940–950.

30 E. W. Dijkstra, et al., A note on two problems in connexion
with graphs, Numer. Math., 1959, 1(1), 269–271.

31 Z. Pan, D. Wang, R. Ma and A. Chen, A study on itz
percolation threshold in mortar with ellipsoidal aggregate
particles, Comput. Concr., 2018, 22(6), 551–561.

32 A. Plyushch, P. Lamberti, G. Spinelli, J. Macutkevič and
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