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A B S T R A C T   

Graphene-based polymer composites exhibit a microstructure formed by aggregates within a matrix with 
enhanced thermal conductivity. We develop a percolation-based computational method, based on the multiple 
runnings of the shortest path iteratively for ellipsoidal particles to predict the thermal conductivity of such 
composites across stochastically-developed channels. We analyze the role of the shape and the aspect ratio of the 
flakes and we predict the onset of percolation based on the density and particle dimensions. Consequently, we 
complement and verify the conductivity trends via our experiments by inclusion of graphene aggregates and 
fabrication of graphene-polymer composites. The analytical development and the numerical simulations are 
successfully verified with the experiments, where the prediction could explain the role of larger set of particle 
geometry and density. Such percolation-based quantification is very useful for the effective utilization and 
optimization of the equivalent shape of the graphene flakes and their distribution across the composite during 
the preparation process and application.   

1. Introduction 

Polymer composites with augmented thermal conductivity values 
are promising materials with potential applications in industries such as 
electronics and renewable energy systems [1,2]. Polymers have very low 
in-plane thermal conductivity with less than 0.2 W.m− 1.K− 1 for poly-
vinylidene fluoride-co-hexafluoropropylene (PVDF-HFP) [3], therefore 
the insertion of highly conductive graphene fillers of up to 5000 W.m− 1.

K− 1 could improve the conductivity dramatically [4–6], allowing them 
to be utilized in new applications [2,4,7,8]. Additionally their piezo- 
resistive behavior on strain sensitivity enables them for application in 
structural health monitoring [2,9]. 

Graphene’s high thermal conductivity is related to the small phonon 
scattering within defect free mono-layer particles [10]. But such particle 
inclusions possess large surface areas that create significant interfacial 
contact with polymers and amplifies surface scattering [2]. Thus, the 
determining factors for the homogenized thermal conductivity depend 
on the filler and matrix material, as well as their interface. These factors 

can be classified as: (1) The characteristics of graphene used (percentage 
of defects, average particle size, aspect ratio), (2) The dispersion of 
graphene flakes within the composite, (3) The loading of Graphene 
(volume% or weight%), and (4) The interfacial contact resistance be-
tween the polymer matrix and the Graphene filler [2,11]. The efficient 
computation of these parameters have potential for quantifying the 
thermal conductivity of Graphene-based composites [12,13] where the 
verification with experimental data could attain a reliable way to study 
the effect of Graphene wt% and particle size on the thermal properties of 
graphene-based composites. 

Percolation theory and fractal dynamics have been at the heart of 
modeling the behavior and transport of properties in composite media 
[14–16] from the hydraulic conductivity in fractal soil [17] to the 
conductance of spheroidal biological suspensions [18]. The fractal 
models assume that the medium resembles a truncated domain [19] 
where their properties such as the thermal conductivity κ obeys a power 
law above the percolation threshold as follows: 
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κ ∼ (p − pc)
t  

where p is the volume fraction of the filler phase, pc is the volume 
fraction at the percolation threshold, and t is the conductivity exponent 
which depends on the geometry and distribution of the conducting filler 
[20]. However, this exponent is dynamically calculated signifying the 
non-universality of the percolation behavior in conductive-insulating 
media [21], especially when approaching the percolation threshold 
from above as the medium becomes highly anisotropic due to the high 
tortuosity of conducting pathways [22]. Hence, the effective conduction 
is highly altered by the level of connectedness of the conductive phase 
which can be achieved by carbon nanotubes at very low filling per-
centages [23], as well as the thickness of the conductive pathways [24]. 
This understanding aided in enhancing the performance of mixtures, 
notably polymer graphene composites, based on the structural proper-
ties as well as the production methods and post-production routines 
[25]. 

Researchers also relied on approximations in General Effective 
Media (GEM) [26–28] to predict the physical properties, while others 
refuted old classical models with emulsions [29]. The ultimate con-
ductivity of binary medium depends on the conductivity of both media, 
the critical volume fraction, and the power exponent which either rep-
resents the fractal dimension, conductor–insulator transition point, or 
the effective demagnetization coefficient of the grain structure [30,31]. 
On the other hand the Finite Volume Methods (FVM) and Monte Carlo 
simulations have been used to calculate the electrical conductivity of 
PVDF/Graphene and other conducting-insulating composites [32,33] 
verifying the power law. These results also showed the conductivity 
depends on the spatial distribution of fillers within the matrix as they 
transition from stochastic to Gaussian. In addition, the percolation limits 
for conductance decreases with filler aspect ratio. Other models of 
computing the conductivity in continuum percolation media use 
random-walk algorithms over well defined boundaries inside the mix-
tures [34]. 

On the other hand, numerical simulations are a powerful tool for 
predicting the physical properties of graphene-based composites 
[35–37], which could help optimize the preparation process and 
improve desirable physical properties. The finite element method has 
been utilized for heat transfer of graphene foam (GF) within poly-
dimethylsiloxane (PDMS) polymeric composite by Zhang et al. [36] and 
3D models are used for the thermal behavior of graphene nano-platelets 
(GNPs) in epoxy composites. Of the investigated physical properties are 
the radius to thickness ratio, the interfacial thermal conductivity, and 
the agglomeration degree of the graphene nano-platelets within the 
composite [37]. Other approaches include molecular dynamics simula-
tions for applications in wearable devices, under uniaxial tensile strain, 
and vertical stress [38]. Similar studies determine the effect of porosity 
on the thermal conductivity of a single-layer of Graphene [39]. Non- 
equilibrium molecular dynamics (NEMD) simulations also studied the 
thermal properties of the nano-porous Graphene (NPG) sheets used as 
thermo-electric materials, which aids in tuning the thermal conductivity 
in NPG sheets by altering graphene porosity [40]. Nevertheless, a more 
versatile and faster method based on particle shape is needed to quan-
titatively estimate the conductive channels, which would highly enrich 
the understanding of heat propagation within these composites. 

In this paper, we have developed a new percolation-based 3D 
method to compute the thermal conductivity of polymeric composites, 
whilst the connection pattern of the graphene flakes within the poly-
meric solutions is complex due to the number of pathways available 
within the composite. The link between the geometry of the graphene 
flakes and it’s surface area is studied and correlated to the thermal 
conductivity. The method has been implemented and assessed with our 
experimental data and therefore can be used for predicting conductivity 
of graphene-contained polymer in the larger space of parameters for 
particle size and shape as well as the density of the aggregates. 

2. Methodology 

2.1. Modeling 

The graphene flakes are assumed to have ellipsoid shapes with 
variant aspect ratio. Here we develop a framework for predicting the 
effective thermal conductivity based on continuum elliptic percolation 
via stochastic simulations of specific realizations related to the di-
mensions of ellipses. Fig. 1 schematically characterizes the different 
patterns of such random media. Ellipsoidal zones denoted by ”0” 
represent lone islands of congregated particles that are not connected to 
any percolated pathway. The set denoted by ”1” represents partially 
percolated pathways, and they vary in reach and width depending on 
the dispersion. The last set denoted by ”2” consists of complete perco-
lation pathways between the opposite edges of domain. This set is the 
most effective for conduction identifying such routes is the focus of our 
study. 

The numerical model consists of three major phases preceded by the 
initialization of the ellipses as shown in Fig. 2. The particles are sto-
chastically generated with coordinates (xi, yi, zi) with respective sto-
chastic yaw, pitch, and roll orientations (αi, βi, γi), where 
{xi, yi, zi} ∈ [0,1] and {αi, βi, γi} ∈ [0, π]. Although the orientation angle 
vary over all quadrants, the limitation of these angles in the first two 
quadrants will ensure the symmetry of the percolation properties in the 
orthogonal directions of the plane. In addition, the particles dimensions 
are specified as {a, b, c} being the semi-major and two semi-minor axes 
of the ellipsoids, and N is the multiplicity of the particles. The geometric 
dimensions of the ellipses are generated proportionally to the boundary 
length of the normalized domain such that the particles in-plane di-
mensions match that of the graphene flakes provided in the experi-
mental section. Hence we define the aspect ratio as r2D := b

a and r3D := c
a 

varied between r ∈ {0.01,0.2} to identify the parameters that properly 
represent the graphene-polymer medium. The equation of an individual 
ellipsoid with semi-major and two semi-minor axes (a, b, c) centered at 
the position (x0, y0, z0) and rotated by the angles (α,β, γ) is given by: 

(X − X0)
T RT AR(X − X0) = 1  

where Xis the position vector defined as: 

X =

⎡

⎣
x
y
z

⎤

⎦

and X0 is the center position as: 

X0 =

⎡

⎣
x0
y0
z0

⎤

⎦

R is the general rotation matrix comprised of the multiplication of 
the 3 basic rotation matrices about the principal axes, and is given as: 

R = Rx(α)Ry(β)Rz(γ)

=

⎡

⎣
1 0 0
0 cosα − sinα
0 sinα cosα

⎤

⎦

⎡

⎣
cosβ 0 − sinβ

0 1 0
sinβ 0 cosβ

⎤

⎦

⎡

⎣
cosγ − sinγ 0
sinγ cosγ 0

0 0 1

⎤

⎦

and A is a scaling matrix defined as: 

A =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1
a2 0 0

0
1
b2 0

0 0
1
c2

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

Aided by the simplicity of matrix multiplication, a set of N ellipsoids 
is generated at each realization, where each ellipsoid Ei has its own 
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stochastic position and orientation. The ellipsoid surface points Xi are 
generated using MATLAB’s built-in function “ellipsoid” and applying the 
rotation matrix Ri for each ellipsoid individually. 

The connection of ellipsoids is then identified by the adjacency 
matrix Aij of size (N × N) in the domain of each realization for 
computing percolation through the entire medium, which is then uti-
lized to investigate the presence of percolation pathways. Having 
possessed the surface points of all ellipsoids Ei, we use another MATLAB 

built-in function “alphaShape” to generate convex closed objects from 
the sets of surface points. In this manner, we were able to deal with each 
ellipse as one object instead of a group of surface points. This also 
allowed us to take advantage of supporting functions in MATLAB for 
alphaShape, precisely the function “inShape” which identifies if a 
selected point belongs to an alphaShape. Hence, for each ellipsoid Ei, we 
checked if the surface points of other ellipsoid Ej∕=i lie in it and set the 
corresponding Aij to 0 or 1 depending on the boolean result. However, 

Fig. 1. Schematics of percolation representing full, partial and separated particle chains [41].  

Fig. 2. Pseudo-flowchart for extracting the homogenized conductivity.  

Fig. 3. Simulation realizations showing dispersed particles in the domain and the percolation cluster in case of availability or unavailability of full percola-
tion pathways. 
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only close enough ellipsoids are checked for intersection to reduce the 
computational cost of the simulations (i.e. only for |Xj − Xi| ≤ 2⋅max{a,b,
c}). (see Fig. 3). 

Subsequently, continuum percolation is performed at each iteration 
depending on the available connected ellipsoids from the edges of the 
medium, and shortest connecting pathways are selected. Consequently, 
it is added to the list of percolation pathways, and new unique and 
optimal pathways are re-scanned for iteratively until none are found. For 
optimal path detection, the Dijkstra’s algorithm is utilized [42], which is 
not only used for elliptical percolation [43,44], but also proved bene-
ficial in, and not limited to, path-planning [45–47], chemical particle 
distribution [48], combustion kinetics [49], and anatomical therapeutic 
drugs detection [50]. 

The Dijkstra algorithm depends on contacting ellipsoids and assigns 
costs for paths as the normal distance between the centers of the ellipses 
in comprising the path. For this purpose, the adjacency matrix Aij 
computed above is coupled with the positions of the particles (xi, yi, zi)

to compute the normal distances and generate the costs matrix Cij. These 
costs are represented by the blue segments in the Fig. 4a, and show the 
background graph of connections. The algorithm starts from a set of 
ellipsoids at one edge of the domain and finds locally minimum cost 
connections to reach the final destination at the opposite edge. The 
search for the starting and ending particles is limited to those within a 
distance of max{a, b, c} from any of the boundary faces. Whenever a new 
shorter path is found through a different, but not necessarily unique set 
of connected ellipsoids, the previous longer path is replaced by the new 
optimized path. Fig. 4b shows for a randomly generated set of ellipsoids 
the only unique and most optimum percolation paths. 

A significant intermediate parameter for non-percolating cases is the 
cluster size of partial connection from only one face (V̂part) which is 
normalized by the domain volume and computed using the Burn algo-
rithm [51]. The burning propagates with forward percolation as it starts 
from one corner of the domain, and moves sequentially through the 
connected particles via 1st-order neighbors until no further progress is 
made. Additional computed parameters include the normalized volume 
of pathways V̂ i and their respective tortuosities τi. The computation of 
overlapped volumes can be performed via “alphaShape” MATLAB 
toolkit. The merged non-uniform shape is illustrated by comparing the 
intersections of red particles in Fig. 4a and the joined color-coded 
pathways in 4b. 

The individual tortuousity τi is calculated as: 

τi =
li

di
(1)  

where li and di are the total length and shortest distance between the 
path edges. As well, the effective homogenized conductivity κeff can be 
calculated given the individual tortuosities of partial and full percola-
tion pathways of graphene chains, τp and τf respectively, according to 
the following formulation [52–54]: 

κeff = pκeff ,f +(1 − p)κeff ,p

= pκg

∑ V̂ i,f

τ2
i,f

+(1 − p)

⎛

⎜
⎜
⎝

1

κg
∑

(
rabhi

τi, p

)+
1

κpm(1 − hi)

⎞

⎟
⎟
⎠

− 1

(2)  

where κeff ,f and κeff ,p is the effective conductivity of the full and partial 
percolation pathways. As well, κg and κpm are the thermal conductivity of 
the graphene and the polymer respectively, p is the percolation proba-
bility, and h is the height of the pathway farthest away from the 
percolation starting edge, and V̂ i is the normalized volume of an optimal 
percolation pathway summed for all unique ones at each realization of 
the simulation. Needless to mention that the conductivity of the gra-
phene particles could be variant due to smaller scale properties (i.e. 
defects, inhomogeneities, etc.) which could be explored as a next step 
and herein we assume homogenous matter, in the scale considered. As 
well the estimation of the porosity V̂ tot is computed via the following 
equation [55]: 

V̂ tot = 1 − e
− N

Ve

Vd (3)  

where Vd is the volume of the simulated domain, and Ve = πabc = πra2b 
is the volume of a single ellipse. V̂ tot is thus the total filling volume of the 
particles in the domain representing the graphene phase, calculated 
based on the excluded volume principle. The dimension of the experi-
mental particle dimensions (next section) could vary in the different 
directions, Hence, the 3D ellipsoid particles modeled here are the 
idealized imitation from the 2D experimental images of graphene flakes. 

2.2. Experimental 

A set of composite samples where prepared by mixing 98.5% pure 

Fig. 4. Stochastic percolation of elliptic particles with r = 0.1 and N = 300.  
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graphene flakes with PVDF-HEP polymer at graphene weight percent-
ages ŵg varying between 0.1% to 50% (see Table 1) in a silicon mold of 
dimensions (3.5× 3.5× 3.5) cm3. The synthesis process is comprised of 
four steps: mixing, molding, evaporating the polymer solvent, and 
heating, which are described in detail in [56]. Moreover, the graphene 
flakes are assumed to have an ellipsoidal shape with dimensions ∼ (7 ×

3.5 × 0.001) μm3 as provided by the supplier and verified by Scanning 
Electron Microscope images [56]. 

An example of the investigated SEM images is shown in Fig. 5a where 
graphene flakes are highlighted in red and polymer in gray. The SEM 
images of the experimental samples were used to extract the graphene 
area ratio ÂExp with an error of < 6% using ImageJ software which 
utilizes Otsu’s thresholding method [57], where values below the 
threshold represent the composite polymer and graphene flakes other-
wise. Additionally, the 3D mass ratio was correlated with the in-plane 
2D properties of SEM images using dimensional analysis as follows: 

A∝V 2
3∝M2

3 (4) 

Equation 4 in fact provides a bird-view relationship between 2D 
experimental images and 3D simulations, therefore the effect of aniso-
tropic physical properties and defects is omitted as a negligible value. 
Therefore having the weight (i.e. mass) ratios in the Table 1 we calculate 
the respective theoretical area ratio ÂTheo.. The experimental and theo-
retical graphene surface areas are plotted against the projected area 
Âproj. of surface ellipsoids for and array of r3D ∈ [0.01,0.2] using our 

numerical simulations in Fig. 5b. Both ÂExp and ÂTheo lie between pro-
jected areas of ellipsoids with r3D = 0.025 and r3D = 0.1 indicating that 
the equivalent aspect ratios of the flakes lies in such range. 

The value for the heat capacity cp of each sample was measured using 
a differential scanning calorimeter Q2000 TA Instruments. The in-plane 
thermal diffusivity of each sample was measured using the laser flash 
diffusivity analyzer LFA 467 HyperFlash from Netzsch. A special holder 
was inserted inside two circular metallic masks where the lower mask 
had a central hole with a diameter d0 = 5 mm allowing the laser beam to 
heat a circular region of the polymeric composite. Furthermore, the 
upper mask had two concentric circles of diameters d1 = 8 mm and d2 =

10 mm, exposing the other side of the sample surface to an IR detector 
which measures the temperature rise in the sample. Then, the in-plane 
thermal conductivity was calculated in correlation with the cross- 
plane thermal diffusivity, laser pulse energy, the thickness of the film, 
pulse duration, and the sample holder’s openings diameter. All mea-
surements were calculated on samples with a diameter of 15 mm at 
Temperature ∼ 23 ◦C. The thermal diffusivity values were the average of 
6 − 8 consecutive measurements and thermal conductivity κ was calcu-
lated using the following equation: 

κ = αρCcp (5)  

where α is the thermal diffusivity, cp is the heat capacity, and ρ is the 
density of each composite film. The thermal conductivity values for the 
selected graphene weight content are reported in Table 1. 

3. Results & discussions 

The percolation of the graphene clusters leading to the ultimate 
thermal conductivity can be highly influenced by the particles geometry 
and their respective aspect ratio [58–61]. The trend of the percolation 
pathways tortuosity in Fig. 6a shows asymptotic decrease towards its 
lower bound of τ = 1. Therefore the high multiplicity of graphene 
particles offer shorter i.e. more straight pathways for percolation. The 
percolation threshold is the smallest for the lowest aspect ratio since the 
connection of these particles is dominated by their major axis which has 
a favorable reach inside the domain. On the contrary, the high aspect 
ratio particles (r→1) tend to accumulate more and with higher feasi-
bility of overlapping albeit in directions that are unfavorable for 
completing full percolation pathways. Note that the saturation of the 

Fig. 5. Sample binarized SEM image of graphene-polymer specimen and its extracted projected surface area plotted against model predictions for multiple particle 
aspect ratios. 

Table 1 
In-plane surface area fractions and thermal conductivity values for graphene- 
polymer composites with various graphene normalized weights ŵg .  

ŵg (wt)  ÂTheo. (%)  ÂExp. (%)  κExp. (W/m.K)  

0 0 0 0.22 
0.01  5 5 3.24 
0.06  15 21 7.95 
0.1  21 24 15.99 
0.2  34 30 24.53 
0.25  40 41 36.33 
0.33  48 47 38.06 
0.5  63 62 57.21  
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total volume correlates non-linearly with the particle density in the 
domain via Eq. (3) [62,63,61]. Thus more graphene particles saturation 
provides higher conductivity. 

As well in Fig. 6b the saturation in the partial percolation pathways 
volume V̂part shows direct correlation with the original porosity V̂ tot of 
the ellipsoid aggregates in the domain. The early development of the 
volume of partial percolation clusters for particles with low aspect ratios 
is attributed to their low percolation threshold, but this development is 
less rapid compared to higher aspect ratio particles. As for 2D domains, 
the saturation behavior of partial percolation cluster density shows 
higher effectiveness than that of its 3D counterpart through a narrow 
transition window from island clusters to fully percolated pathways, 
denoted by ”0” and ”2” respectively in Fig. 1. Moreover, 2D particles 
demonstrated better capability of covering the domain for lower number 
densities because typically filling the medium in 3D needs more effort 
relative to 2D. The underlying reason is the in-out plane movement 
allowed by the additional propagation direction for percolation. 

However such mechanism is only useful at lower porosity where the 
connections are rare and the extra dimension offers more chances for the 
propagation of percolation, which is highlighted by the light blue region 
in Fig. 6b where 3D partial volumes stand higher. As the total filling 
volume increases and the saturation of the domain removes the con-
nectivity issue after full percolation is achieved, the 2D filling fraction 
exceeds the 3D values. Such transition is highlighted in the Fig. 6b where 
it indicates a regime of original porosity where 3D movements is useful 
for connectivity albeit not so useful for filling the 3D domain after a 
certain saturation level. 

Fig. 7a shows the experimental effective area derived from process-
ing SEM images similar to the Fig. 5 and the simulated effective perco-
lation pathway volumes for various aspect ratios (V̂eff =

∑
V̂ i) via 

flowchart 2. The experimental results presented against the plotted 
model computations correlates with the experiments for the chosen 
aspect ratios, although the similarity deteriorates for high aspect ratio 
ellipsoids at low original porosity. The aspect ratio of the graphene- 

Fig. 6. Normalized percolation parameters (solid: 3D, dashed: 2D).  

Fig. 7. Thermal conductivity of graphene-polymer composite versus the graphene filling weight ratio ŵg . cross: experimental values, solid curves: ellipsoidal 
simulations with multiple aspect ratios. 
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particles in the model resembles the strip-like agglomeration witnessed 
in Fig. 5. This behavior can be attributed to the fabrication process 
where graphene flakes aggregate to form thin interfaces adjacent to 
polyhedral polymer particles [64,65]. Additionally, The size and aspect 
ratio of graphene particles may change during the preparation of the 
composites due to high speed mechanical mixing of the graphene 
dispersion. As a result, the effective flake size of the graphene flakes may 
be different than the experimental measurements of individual flakes. 

Therefore, we proceeded with calculating the total conductivity of 
the medium according to Eq. (2) for the set of aspect ratios of r = {0.01,
0.025,0.05,0.1} for the proper applicability of continuum percolation 
theory to the experimental samples. It is worth mentioning that per-
forming the simulations in 3D and the experiments have a subtle source 
of deviation. The simulations allow the ellipsoid particles to merge 
owing to their random positioning and orientation, contrary to the flakes 
in the experiments where there is no overlap of graphene flakes, which 
correlates with the 2D planar simulations of higher aspect ratio. 

Without further analysis it is immediately apparent that the com-
posite effective conductivity κeff falls in between the higher 
(5000 W.m− 1.K− 1) and the lower (0.2 W.m− 1.K− 1) conductivity values 
(Fig. 1). In fact: 

κpm⩽κeff ⩽κg 

Fig. 7b shows the effective thermal conductivity of the graphene- 
polymer composite as a function of the original porosity of particles, 
where the experimental results (orange cross) are compared against the 
elliptic simulation values (solid curves). This figure shows the degree of 
compatibility between the model results and the experimental data 
relative to the particles aspect ratio, and it is apparent that as the aspect 
ratio decreases the model prediction improves on accuracy as seen for 
r3D = 0.01. The significant influence of the aspect ratio is inferred from 
its ability to reduce the percolation threshold of the medium whilst 
filling a smaller volume of the domain, resulting in improved thermal 
conductivity for smaller graphene weight content [66–68]. Another 
observation is that particles of one aspect ratio are not accurate enough 
to solely explain the experimental results, and this is due to the fractal 
nature of the dispersed phase of graphene where the complex shapes 
could be approximated with multiple lower scale overlapping ellipsoids. 
The SEM images in Fig. 5 show that the larger particles of coagulated 
graphene are connected to smaller pigments that vary in aspect ratio and 
increase the fractal dimension of percolation pathways. 

4. Conclusions 

In this paper, we developed a new 3D numerical percolation model 
based on ellipsoidal particles for quantifying the effective thermal 
conductivity of Graphene-PVDF polymer film composites. The presented 
method is verified via developing a separate experimental measurement 
of thermal conductivity where we utilized two distinct methods of image 
processing and dimensional analysis for the experimental samples. We 
additionally analyzed the role of partial inclusion of graphene on the 
conductivity depending on the particle aspect ratio. The significant 
correlation between the model and experimental results provide insights 
to estimate the closest equivalent shape of graphene particles respon-
sible for the effective conducting pathways. Additionally, the method 
can be used for predicting the homogenized physical properties to 
broader stochastically filler-matrix composites. Future works include 
the role of the variation in the particles shape and their multiplicity as 
well as the sensitivity analysis in the neighborhood of the percolation 
threshold. 
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