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ABSTRACT

The accumulation pattern in the dendritic microstructures in rechargeable batteries has a deterministic impact on their state of health and
longevity. The dendrites either can cause early short-circuits or form dead lithium crystals during the prolonged charge–discharge cycles. We
perform experiments, combined with percolation-based computations in parallel, to anticipate the dynamics in the state and rate of propaga-
tion of dendritic microstructures, in a circular domain. Subsequently, we develop a physical paradigm to correlate and verify the non-linear
behavior in the growth dynamics. Coupling two approaches, we elaborate further on the location of the minimum growth rate, anticipate the
main drive factor for microstructures, and get an estimation for the atomic-scale porosity. Additionally, we elaborate further on the role of
curvature and the inter-electrode gap in enhancing/deviating from the typical Cottrell behavior. The established framework could be useful
for designing the space of parameters for cell geometry, the electrolyte, as well as the charging condition to optimize for healthy operation
and avoiding short-circuit.
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I. INTRODUCTION
The surge of the energy demand is the consequence of the indus-

trial development catalyzed by the widespread use of electric applian-
ces.1 Specifically, in the modern information age, the advancement of
semiconductor and computing technology have been empowered by
rechargeable batteries. In this regard, lithium-ion-batteries (LIBs) have
been the flagship since 1991 and have fueled the extensive use in per-
sonal electronics, electric transportation, etc. However, the prolifera-
tion of vehicle electrification technology demands a prolonged
charging time bottleneck to tackle, such that it equally competes with
the internal combustion engine vehicle (ICEV) refueling timescale.2,3

Building the fast charging infrastructure introduces the crux of scien-
tific and engineering challenges associated with LIBs in terms of
acquiring the time-effective energy density.4–7

The recent proposition of the high energy density lithium metal
anode has shown to be satisfactory for the replacement of the conven-
tional graphite anode. However, its propensity for dendritic growth
during the charging phase remains a critical concern.8 The unre-
strained growing front may penetrate the separator material and con-
nect the other electrode leading to catastrophic short-circuiting.9,10

Additionally, the broken part of dendrites being completely covered by

the insulating solid electrolyte interface (SEI) may accumulate on the
electrode surface to form dead lithium which escalates the internal
resistance, leading to the Columbic loss and thermal degradation. Such
sequence of events ultimately damages the battery and causes the elec-
trochemical degradation.11,12

In fact, dendritic growth has allured curious minds earlier than
the batteries (LIBs), as electroplating had been utilized during the coat-
ings for corrosion resistance and mechanical strength of metal finished
products.13–15 As a result, the morphology and grain size of the electro-
deposited micro-structures have already been paramount to obtain the
desired coating characteristics.16,17 Meanwhile, these three dimensional
growing structures (i.e., naming dendrites) have been visualized for a
number of metals, such as zinc Zn, copper Cu, and silver Ag.18,19

Experiment-wise, several studies have been employed to mitigate and
control the dendritic morphology, which can be broadly classified into
three categories of materials/electrolyte modulation, interface engi-
neering, and bulk engineering. In this regard, the prior research has
explored the role of the current density,20 electrolyte composition,21,22

surface defects (i.e., kinks),23 interaction with the solid electrolyte inter-
phase (SEI),24,25 shielding with alternative compounds,26 imposing
external magnetic fields,27 additives,28 temperature,29,30 self-healing
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electrostatic shield,31 separator design,32–34 and 3D porous current
collectors.35,36

Modeling-wise, earlier frameworks for the formation of the den-
dritic structures focused on space charge region and the strength of the
electric field as the governing factors.37 Later on, the effect of the ionic
concentration was adopted as the drive for their evolution, particularly
during the diffusion-limited aggregation regime (DLA),38–42 where the
root cause and mechanism were analyzed for the formation of tree-like
structures.43 Further modeling works on the dendritic formation
include exploring the role of suppressing arrays,44 guiding scaffolds,45

surface roughness,46 and leading to consequential instability.47

Contextually, substantial efforts have been probed to under-
stand the shape of the concentration boundary layer around the
disc-shaped aggregates and the morphological aspects of during
radial growth pattern.48,49 In this regard, particularly, the transi-
tion from fractal to dense morphology has been intriguing which
can be controlled vs the applied potential, electrolyte concentra-
tion, and curvature50–52 and can additionally be characterized vs
fractal dimension.51,53 Furthermore, the morphology distinction
has been established in both diffusion- and migration-controlled
regimes,54 and its stability has been explored beyond the limiting
current.55 However, none of the previous works addressed the
kinetics of the radial development in the microstructures.

In this paper, we explore the behavior in the microstructure
growth rate (i.e., velocity) in the radial domain, both experimentally
and computationally. We establish a percolation-based framework for
computing the radial properties of the dendrites, and we discern a fast-
slow-fast behavior in the growth regimes, which is addressed vs the
deterministic factors for the growing of the microstructures. The
obtained framework could be useful for optimizing the space of
parameters for designing rechargeable batteries with the curved
electrodes.

II. EXPERIMENTAL
The experiments were carried out within an established circular

domain of an electrochemical cell, as shown in Fig. 1. An insulated
copper wire (AWG 28, q ¼ 0:2Xm"1; d ¼ 0:321mm) was pur-
chased from Khaitan Winding Wire Pvt. Ltd. (KWW Wires and
Strips), the surface was polished with sand paper of grit 200 and was
bent into a circular shape (d0 ¼ 18mm). Subsequently, it was placed
on a microscopic glass slide, purchased from HiMedia Laboratories Pvt.
Ltd. to be used as the anode. For the cathode, the tip of a copper wire
(AWG 32, q ¼ 0:5Xm"1; d ¼ 0:202mm) was purchased from KWW
Wires and Strips and was fixed manually at the center of the circular
anode. The circular domain is filled with the electrolyte solution slowly
drop by drop using a micropipette, which is a specified concentration of
copper sulfate salt (CuSO4:5H2O, EMPLURA 99%) in de-ionized water
(Milli-Q, 99.8%) as the solution. The ends of the electrodes were con-
nected to the power source (KEITHLEY 2410 1100V source-meter),
and the array of the specified voltage V0 was applied in separate experi-
ments. A camera with macro-lens (M2101K6P, 1944# 2592 pixels, focal
length: 4mm, and exposure time: 1

50 s) is fixed below the glass slide to
capture the dendritic growth from the bottom. Table I summarizes the
experimental details.

Throughout each experiment, the image acquisition was taken in
the assigned rates, which includes every 20 s for the faster growth and
every 40 s for the slower developments. Hence the image acquisition
rates varied from 1frame=40 s to 1frame=20 s. Figures 2(a) and 2(b)

illustrate two image-samples with different morphologies. The micro-
structures initiate from the inner electrode (i.e., dI) and progressively
propagate toward the counter-electrode (i.e., dO).

For capturing the side view of the disc-shaped electrodeposits
and their average thickness "b, the electrolyte was absorbed with blot-
ting paper carefully after experiment, where in most cases the structure
had minimal damage and remained almost intact. Afterward, the ring
electrode was removed, followed by the detachment of the central elec-
trode. The remaining electrodeposits on the glass slide [Fig. 1(e)]
were aligned from the side view to the goniometer camera
(Dataphysics OCA 15Pro), and the image for thickness measurement
was captured [Fig. 1(f)]. Hence, the average gross thickness of the
deposits "b $ 30lm was obtained.

III. COMPUTATIONAL
The experimentally captured microstructures were identified

with the highest possible accuracy and computationally analyzed after.
The image processing procedure for capturing the microstructures has
been itemized as below:

FIG. 1. Experimental setup for microstructure observation/tracking. (a) Three
dimensional view of the electrolyte drop on the glass slide, with the electrode con-
nected to þ and " poles. (b) The cross-sectional view of the negative electrode
(wire cross section) in the center and the ring positive electrode in the periphery,
with the radii of RIand RO, respectively. (c) Light source diffused through a white
paper. (d) Sample top view of the grown electrodeposits. (e) Post-experiment mea-
surement method of the microstructure thickness, from the lateral view, using a
goniometer. (f) Sample thickness measurements from different positions of the
microstructure.

TABLE I. Experimental parameters. The electrodes are copper Cu and the electro-
lyte is aqueous copper sulfate CuSO4 solution (i.e., C0).

dIðmmÞ dOðmmÞ V0ðVÞ C0ðmMÞ
Image acquisition
rates (frame/s)

0.2 18 3; 4; 5; 6; 7f g 5; 10; 25f g
1
20

;
1
30

;
1
40

! "
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1. Each image Im has been read into the three distinct red, green,
and blue matrix distributions R;G;Bf g 2 ½0; 255). Subsequently,
it has been converted to the gray-scale image I by using the
appropriate proportions f of each color, defined as56

f ¼ 0:299 0:587 0:114½ ); (1)

which leads to

Int ¼ 1
255

f1Rþ f2Gþ f3Bð Þ: (2)

Then, the obtained gray-scale image is normalized to the maxi-
mum value to achieve the intensity value of: Inti;j 2 ½0; 1).

2. The gay-scale image Inti;j is binarized using global thresholding
value that was originally introduced by Otsu.57 Hence, the
threshold value Intc determines if a given pixel will be turned to
black (i.e., 0) or white (i.e., 1), as follows:58

Ji;j ¼
1 Inti;j * Intc
0 Inti;j < Intc:

(

(3)

Such local grayness threshold is attained via the minimization of
the weighted intra-class variance r2,59 defined proportionally as
follows

r2 ¼ x0r20 þ x1r21
x0 þ x1 ¼ 1;

(

(4)

where x0 and x1 are the individual weight of each black (0) and
white (1) portions as the fraction of total, and r20 and r21 are their
respective variances. Such minimization ensures that the result-
ing black and white groups are selected from the most similar
numbers in the closest proximity of each other (i.e., closest
+ lowest variance). Hence, the obtained black and white (i.e.,
binary) image is the best approximation from the original gray-

scale image, and the optimization of the threshold for obtaining
the critical value Intc ensures that the microstructure borders are
the most discernible compared to those obtained from the other
threshold values.

3. The center pixel of the image (i.e., average of the boundary
points) was taken as the initial seed. Starting from this point and
percolating through the first order neighbors (left  , right !,
top ", and bottom #), the region of the dendritic structure is cap-
tured until reaching the boundary of the microstructure, where
no further progress is possible.

4. Extracting the microstructure from the previous step, a more
accurate center location was redefined by averaging its horizontal
and vertical extents.

5. Starting from the real center, obtained in the previous step, as
the seed point, the percolation through first-order neighbors (left
 , right!, top ", and bottom #) was repeated, until reaching to
the extents of the microstructure, where no further progress is
possible. Throughout the percolation, each pixel is indexed from
the higher to the lower value, based on the number of the itera-
tion it has been captured. Hence, the index of each pixel is corre-
lated by its distance from the center (i.e., seed) location. Figure 3
(a) illustrates a sample of such percolating cluster.

As the electrodeposits stochastically develop in highly branched
form, we characterized their distinct radial properties defined below.

The reach of the microstructure represents the extent of the inter-
electrode domain toward the counter-electrode. As this relates to the
outer peripheral regions, the convex hull of the propagating cluster is a
suitable measure [dashed line in Fig. 3(a)], which has been illustrated
in Fig. 3(b) (i.e., orange dashed circle and solid vector) for a sample
microstructure. Hence, being the inner RI and outer RO radii, one has
RI , Reach , RO, and normalizing to the outer radius RO,we get

$0 < r̂ , 1; (5)

FIG. 2. The variation in the observed morphology of the electrodeposits.
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where the approximation sign is used since RI - RO. Mathematically
the reach r̂ can be calculated from the following equation:

r̂ ¼ b
NCVXRO

X ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xCVX;i " xCð Þ2 þ yCVX;i " yCð Þ2

q
; (6)

where b is the calibration factor, converting a pixel to the real dimen-
sion ½b) ¼ m=Pixel; NCVX is the number of points in the convex hull
[NCVX ¼ 13 in Fig. 3(a)], xCVX;i; yCVX;i are their horizontal and vertical
coordinates and xC, yC are the horizontal and vertical coordinates of
the center.

The average radius "r is the radius of the circle with the equivalent
solid area as of the microstructure. Hence,

"r ¼ b
RO

ffiffiffiffi
N
p

r
; (7)

where N ¼
PN

i¼1 1 sums up the entire pixels recognized as part of the
microstructure.

P
1 ¼ p"r2).

The equivalent radius ~r is the radius of a circle having identical
peripheral length as of the periphery of the microstructure. Hence, it is
defined as follows:

~r ¼ b
2pRO

XNP

j¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xjþ1 " xjð Þ2 þ yjþ1 " yjð Þ2

q
; (8)

where Np is the number of points constituting the periphery of
the microstructure, and the index j is the label of its successive
points.

Figure 3(b) illustrates the reach r̂ , average radius "r and the equiv-
alent radius ~r for a sample microstructure, where one generally has

"r , r̂ , ~r ; (9)

where the equality occurs for a perfect circle, and the values diverge as
a function of the included voids (porosity) and branches. Having these
measures, the dynamics of the propagating electrodeposits has been
explained next. In this regard, performing computations, Fig. 4(a)
shows the evolution of reach ~r in time t for different voltage values
and Figure 4(b) shows the short-circuit time tS versus applied voltage
V for various concentrations C0.

A. Velocity
The extent of the progress of the microstructure can effectively be

recognized from the reach r̂ , which eventually leads to the short-
circuit. In this regard, the growth velocity vðtkÞ of the electrodeposits
in the given time tk can get calculated as

v̂ tkð Þ ¼
r̂ tkþ1ð Þ " r̂ tkð Þ

dt
; (10)

where dt ¼ tkþ1 " tk and v̂ is the normalized velocity to the outer
radius RO. Figures 5(a)–5(c) illustrate the computed experimental rate
of propagation v̂ vs the extent of the microstructure progress r̂ for the
ranges of applied voltage V0 and the electrolyte concentrations C0

given in the Table I. The dashed lines show the interpolation curves,
the form of which is explained later in the paper.

v̂FIT ¼ 1
a1 r̂RO ln ROð Þ " a2 ln r̂ROð Þ

$ % : (11)

FIG. 3. (a) Percolation-based image processing for the microstructures and (b) radial characterizations.
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The derivation for the form of interpolating fitting function v̂FIT
has been described later in Sec. IV.

B. Diffusivity
The time-dependent measurement of the progress of the micro-

structure allows to compute the rate of ionic feeding into the electrode-
posits, which correlates directly with the total running current I. In
fact, due to the three-dimensional nature of the growing structure, the
current is consumed on both inner bulk B, normal to the plane of
propagation, as well as outer (peripheral) surface S regions, in the
propagation plane. In other words, while the former thickens the
microstructure, the latter extends the radial propagation. Hence, one
has

I ¼ 2IB þ IS; (12)

where IB and IS are the currents consumed in the inner bulk and
outer surface (i.e., peripheral) sites, respectively, and the coefficient
of 2 is used since both the top and bottom of the microstructure
are the ionic-feeding sites from the electrolyte. In fact, more
detailed explanation of the current transition in time is given via
the Cottrell relationship, which in circular domain with cylindrical
shape, turns into60

I $ 2nFABDINTC0
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

pDAPPt
p

& '
þ nFASDINTC0

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pDINTt
p þ 1

2~r

& '
;

(13)

where n is the valence number of the charge carriers, F is the Faraday’s
constant (96:5kCmol"1), C0 is the concentration of ambient electro-
lyte, t is the time, AB and AS are the apparent surface area of the micro-
structure (AB $ p"r2), normal to the direction of the propagation and

FIG. 4. Visualization of experimental data.

FIG. 5. Computed rate of growth in the normalized velocity v̂ vs the extend of the microstructure progress r̂ for the given range of voltages V0 in different concentrations
C0. The dashed lines show the interpolation [later in Eq. (22)] and the dot line represents the location of minimum electric field at the progress scale of 37% [later obtained
in Eq. (21)].
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apparent peripheral area (AS $ 2p~r"b and "b is the average thickness
and ~r is the equivalent radius) in the direction of propagation. The
notion of the interfacial diffusivity here is to distinguish it from the
typical diffusivity D values of ion in a bulk solution in the absence of
the porous microstructure. In fact, calculating the interfacial diffusivity
DINT in the presence of the microstructure later on will shed light into
estimating their porosity /.

From the transient Cottrell Eq. (13), one could calculate the tran-
sient in the interfacial diffusivity DINT during the growth of the micro-
structure, which is fairly different than the reported bulk value D of the
electrolyte in the absence of the microstructure. Calling the charge
per volume q ¼ nFC0, it can be simplified into a quadratic form offfiffiffiffiffiffiffiffiffiffi
DINT
p

as

Q1DINT þ Q2
ffiffiffiffiffiffiffiffiffiffi
DINT
p

þ Q3 ¼ 0; (14)

where Q1, Q2, andQ3 are the coefficients obtained as follows:

Q1 ¼
qAS

2~r
;

Q2 ¼
q 2AB þ ASð Þffiffiffiffiffi

pt
p ;

Q3 ¼ "I;

8
>>>>><

>>>>>:

(15)

where the solution the transient interfacial diffusion coefficient DINT is
obtained as

DINT $
~r2

A2
S

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2AB þ ASð Þ2

pt
þ 2ASI

q~r

s

" 2AB þ ASð Þffiffiffiffiffi
pt
p

0

@

1

A
2

: (16)

Figures 6(a)–6(c) present the transition of the computed
interfacial diffusivity DINT for the given range of voltages V0 in dif-
ferent concentrations C0. The dashed lines show the interpolation
curves, the function form of which is elaborated on, later in Eq.
(22). In the mean time, the mismatch measure Err of the fitting dif-
fusivity values DFIT (dashed lines) with the calculated interfacial
diffusivity values from the experiments DINT (points with error
bars) could get derived as

Err ¼ 1
N

XN

i¼1

((((
DFIT;i " DINT;i

DINT;i

((((; (17)

where N is the number of the measurements for each experiment. The
average of the mismatch measure Err for each concentration C0 and its
set of voltage values V is noted in the respective caption.

IV. RESULTS AND DISCUSSIONS
A. Role of electric field

The experimental measurement for the progress of the diffusion
front r̂ as a function of time t in Fig. 4(a), shows a fast-slow-fast behav-
ior, which is later illustrated in terms of the speed of the development
v̂ in Figs. 5(a)–5(c), with a positive curvature (curving-up) trend. The
root cause of this behavior could be inherited from the electric field E,
which is obtained from the voltage distribution (i.e., E ¼ "rV). The
voltage distribution per se can be obtained via solving the Gauss rela-
tionship (i.e., r2V ¼ " q

!). In this regard, the polar coordinates ðr; hÞ
would be the most appropriate for the propagation domain geometry
in Figs. 2(a) and 2(b). Assuming electro-neutrality in the substantial
bulk space of the inter-electrode medium of the fast-growing electrode-
posits, the Gauss relationship gets simplified into d

dr ðr
dV
dr Þ $ 0.

Considering the progress scale of the microstructure external boundary
is s (i.e., s ¼ r̂RO), one can solve it with the respective potentiostatic
boundary condition of VðsÞ ¼ VI ; VðROÞ ¼ VO as

V rð Þ ¼ V" þ ln rð Þ " ln sð Þ
ln ROð Þ " ln sð Þ

) *
DV; (18)

where s , r , RO. Respectively, the electric field E will be solely in the
radial direction, merely due to azimuthal symmetry, and will be
obtained as

E ¼ @V
@r

((((
s
¼ DV

s ln RO
s

+ , : (19)

The obtained electric field shows an opposing behavior where
E + 1

s, shows faster growth in the earlier stage of development (s! 0)
while E + 1

ln RO
sð Þ indicates the faster speed of development at the later

FIG. 6. Computed interfacial diffusivity values DINT vs time t for the given range of voltages V in different concentrations C0. Scatter points: Experimental data, followed by com-
putational processing and dashed lines: the curve-fitting interpolations.
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stages (i.e., s! RO). Hence, there must be a minimum position in
between smin leading to the minimum electric field Emin, and it can be
obtained by setting @E

@s ¼ 0, which gives

@E
@s

¼ 1
ln ROð Þ " ln sð Þ

1
ln ROð Þ " ln sð Þ

" 1
) *

DV
s2

¼ 0; (20)

which requires ln RO
s

+ ,
¼ 1, and one gets

smin ¼
RO

e
$ 0:37RO: (21)

Figure 7 illustrates the electric field profiles for different applied
voltage values, where the location of the minimum electric field Emin is
highlighted. In fact, the initial slow-down and later speed-up behavior
in the rate of microstructure growth v̂ could get correlated with the
local interfacial electric field. Hence, the interpolation of the speed of
the growth v̂ could get interpreted in the forms of fitting interpolation
function fFIT, similar to the form of electric field in Eq. (19), with the
coefficients of relaxations a1, a2 as follows:

fFIT ¼ a1
s ln ROð Þ " a2 ln sð Þ
$ % : (22)

Performing non-linear regression and error minimization, the
interpolated forms of the growing velocity v̂, for the most part, corre-
late visually with the experimental computations in Figs. 5(a)–5(c). In
other words, the velocity trend v̂ carries the footprint of the electric
field E, with discernible location of minimum velocity vmin correlating
with that of electric field smin ¼ 0:37RO.

The computed range of the interfacial diffusivity DINT can open
insights into the porosity of the growing microstructures. While the
computed bulk AB and peripheral AS only consider the larger-scale
pores, discernible with the naked eye with porosity /Macro, they do not
account for the micro-/nano-scale porosity /Micro. In other words, the
assumption of the fully occupied real-estate of the microstructure
needs to be modified and the cavities, which include a significant

fraction of their bodies, should be excluded. Hence, the real diffusivity
D will be far less in magnitude. Assuming the inclusion of micro-pores
in the bulk and surface of the microstructure, their corrected areas will
be ð1" /MicroÞAB and ð1" /MicroÞAS, respectively. Therefore, corre-
lating with the diffusivity-area (D + A) in Eq. (16), the real diffusivity
D gets related to the interfacial diffusivity DINT as

D $ 1" /Microð ÞDINT; (23)

and the approximation sign has been used for assuming the uniform
porosity across the entire microstructure. The experimental bulk diffu-
sivity measurement for copper ion Cu2þ in copper sulfate CuSO4 in
the literature in the absence of applied voltage and reactions is in the
range of D + 10"10 m2

s .
61 One could compare the obtained interfacial

diffusivity value DINT + 10"6 m2

s [Figs. 6(a)–6(c)] with this range, not-
ing that the former is electrochemical (fast, occurring in the interface)
and the latter is physical (slow, occurring in the bulk), which leads to
estimation of the micro-scale porosity /Micro as

/Micro + 99%; (24)

which proves that the internal structure of the dendrites is significantly
porous.

B. Enhanced Cottrell effect
A similar trend has been observed in the computed interfacial dif-

fusivity DINT. In this regard, the initial monotonous decrease in the
current density I could get correlated with the Cottrell’s conjecture on
the local depletion of the existing ions. Hence, upon applying voltage,
the ions migrate to the cathode and get reduced, and upon their
exhaust, the other ions in the bulk will transport-in where their diffu-
sion becomes a controlling factor. As well, the electric field contains
the information curvature-induced augmentation of the electric field
ECurved. Hence, the augmentation ratio f ðsÞ could be obtained via com-
paring it vs the flat counterpart EFlat, as follows:

f sð Þ ¼
ECurved
EFlat

¼ 1
s

RO " s
ln ROð Þ " ln sð Þ

:

It is obvious that lims!0 f ðsÞ ¼1, which is the sole effect of the
curvature. In fact, during the initiation of the microstructures on the
electrode with the smallest radius (i.e., highest curvature), the
curvature-induced electric field is the highest which enhances the cur-
rent I vs time t trend in the Cottrell relationship.

However, as the microstructures grow, as they are conducting as
the cathode material, the inter-electrode gap is progressively reduced,
which augments the electric field. During the significant propagation
of electrodeposits, just before the short-circuit event, such electric field
exponentially grows, and the ionic transportation becomes
electromigration-controlled, which causes jump in the real-time cur-
rent I and the computed interfacial diffusivity DINT. This can be shown
from Eq. (19), where during the last stages of the dendritic propaga-
tion, since lims!RO

1
ln ðRO=sÞ ¼1, the imposed electric field causes the

current jump, which is seen in Figs. 5(a)–5(c). In the meantime, the
location of the minimum electric field smin ¼ 0:37RO shows visual
agreement with the minimum growth rate v̂min in these figures.
Additionally, while there is a direct correlation with the growth posi-
tion ŝ and the time t, the zone of such minimum is observed in theFIG. 7. The trend of electric field during the growth.
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computed local interfacial diffusivity DINT in Figs. 6(a)–6(c), showing
the significance of the electric field in such a fast-propagating regime.

Needless to mention that the kinetics of the microstructure growth
in this study in the circular domain differs from that of the planar elec-
trode in the initial stages of growth, while later on, shares a similar dynam-
ics in the final stage of development. Geometry-wise, during the
instigation, the macro-scale real estate for planar electrode remains con-
stant and the growth rate is roughly uniform, while for the curved surface,
the very small initial real estate for the electrodeposition grows signifi-
cantly per electrodeposition as it covers the electrode surface (i.e.,
A ¼ 2pr, where A is the electrodeposition area and r is the reach). Hence,
for the curved surface, the initial radius of electrodeposition gets enlarged
significantly, which leads to decrease in the growth rate. Alternatively, one
can think the dendrites grown on the circular geometry to have more
opening than those of planar electrode, which reduces the growth rate. As
illustrated in Fig. 8, while on the flat electrode, there is more possibility to
attach to the peak of the electrodeposits (i.e., longer and more porous), on
the curved electrode there is more opening and which provides more pos-
sibility to diffuse inside (i.e., shorter andmore packed).

However, in the later stages of the electrodeposition, the remain-
ing gap between the microstructure and the counter electrode will pre-
dominate over the surface curvature effect. The electric field will grow
excessively and hence the dendrites in both planar and circular
domains will similarly accelerate with a runaway behavior. Therefore,
in total, considering both the geometry effect (initial stages) and gap
effect (final stages), the dendrites grown on the planar electrode will
grow faster than the circular counterpart, with all other conditions
fixed (electrode gap, applied voltage, and electrolyte composition) and
are more likely to cause short-circuit.62

V. CONCLUSIONS
In this paper, the non-linear kinetics of the dendritic growth on the

circular domain has been investigated. The fast-slow-fast propagation

pattern has been observed in the real-time experimental measurements,
which has been analyzed via developing a percolation-based image proc-
essing protocol. Such, the kinetics has been complemented/verified via
analytical derivation of effective parameters for electrochemical ionic
flux, such as electric field and transient diffusivity, where the minimum
pace of propagation and minimum magnitude of electric field are corre-
lated at progress scale of 37% in the inter-electrode gap. The underlying
reason for the fast kinetics in the early and late stages of the interface
development have been addressed. In particular, we estimate the loca-
tion of the minimum growth rate via spotting the minimum in the elec-
tric field. Finally, we comment on how to estimate the atomic-scale
porosity of the growing microstructures, via comparison of the experi-
mental and analytical derivations of the growth kinetics, where the den-
drites turn out to be extremely porous (/Micro > 99%). The obtained
results could be useful for design of the circular electrodes and effective
suppression of their dendrites to avoid short-circuit.
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NOMENCLATURE

AB Bulk surface area (m2)
AS Peripheral surface area (m2)

a1, a2 Curve fitting coefficients
"b Average thickness of electrodeposits (m)
C0 Bulk electrolyte concentration (M)
D Bulk diffusion coefficient (m2 s"1)

DINT Interfacial diffusion coefficient (m2s"1)
dO=RO Dia./radius of the anode (m)
dI=RI Dia./radius of the cathode (m)

E Electric field (V=m"1)
F Faraday’s constant (Cmol"1)

f ðsÞ Augmentation ratio
fFIT Fitting function

f1; f2; f3 Red/green/blue coefficients (½ ))
Int/Intc Intensity/critical intensity value
I; IB; IS Total/bulk/surface current (A)

J Binarized image
N Number of pixels/microstructure
Np Number of pixels in the periphery

NCVX Number of points/convex hull
n Valence number
q Charge per volume (Cm"3)
"r Normalized average radius
~r Normalized effective radius
r̂ Normalized reach
s Transient position/ growing front (m)

smin Position of minimum voltage (m)
tk Times in the step k
V0 Applied voltage (V)

VI ;VO Voltage at inner/outer electrodes (V)
VðROÞ Voltage at radius RO (V)

v Velocity of the front ðms"1Þ
x, y Horizontal/vertical coordinates

xC, yC Horizontal/vertical coordinates of center
xCVX Horizontal coordinate/convex hull
yCVX Vertical coordinate/convex hull

b Scaling factor (mmpixel"1)
v̂INT Interpolated normalized velocity (s"1Þ
v̂min Normalized minimum voltage

r2; r20; r
2
1 Total/white/black pixels variance

/Macro;/Micro Total/ macro-/micro-scale porosity
x0;x1 Fractions of while/black portions
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