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ABSTRACT

The stochastic instigation and growth of needle-like microstructures during the charging period in the rechargeable batteries can cause hazard
and short circuit during the utilization, such that they control the state of health and longevity. Herein, we aim at establishing the relationship
between the solid-mass/empty-space fractions of the growing electrodeposits and elaborate on the interrelation of such structural density
with the electrodeposition parameters. We initially tackle on estimating the micro-scale density qMicro behavior through percolation-based
image processing of the copper electrodeposition experiments and correlate them to the bulk salt concentration C0 as well as the applied volt-
age V0. Subsequently, we establish a theoretical model for the growth rate of microstructures, considering both micro- and nano-scale poros-
ity. Since the porosity of the growing microstructures directly correlates with their kinetics (i.e., rate) of growth, we have estimated the
nano-scale density on the order of qNano ! ½10#4; 10#3$ via comparing the rate of porous ramification in the experiments and modeling
frameworks. Consequently, we address the branching pattern of the dendritic microstructures and compute their real-time fractal dimension
vs the applied voltage as well as the concentration and explain it in terms of oscillatory behavior between the nucleation and the branching.
The obtained understanding from the correlation of density with the concentration and applied voltage, as well as the inherent atomic-scale
density range in the amorphous electrodeposits, could help to tune the morphology of the electrodeposits, which could be helpful in applica-
tions such as rechargeable batteries to avoid short circuit and enhance longevity.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0267533

I. INTRODUCTION
Electrodeposition has long been investigated as a key electro-

chemical process, utilized, and observed in a wide variety of applica-
tions such as electroplating1,2 and e-coating,3,4 with particular
implications in electrochemical devices such as rechargeable batteries,5

fuel cells,6 and semiconductor industry.7 Battery-wise, the recent
approaches for utilization of high-energy density metal electrodes,
which lack the intercalation mechanism of the conventional graphite,
emphasize further the significance of the electrodeposition,8 which
requires efficient morphological engineering for the electrodeposited
active material.9

The suppression of the so-called dendritic metallic microstruc-
tures has been challenging for various metal based batteries.10,11 In
particular, the enormous structural variation such as needle-like,
mossy, and fractal morphology of deposits over the prolonged

charge–discharge cycles has emerged as a critical concern.12,13 In this
regard, the solid density or porosity of the growing electrodeposits has
been a key parameter, since the inclusion of the voids inflates the micro-
structure to a large extent, such that it can pass through the separator’s
pores and cause disastrous short-circuit.14 Furthermore, the loosely
packed porous microstructures are prone to be dissociated from the so-
called necks as the most vulnerable portions, leading to the Coulombic
loss as well as thermal instability.15 Therefore, intensive research is being
conducted to control electrodeposition morphology by modulating elec-
trolyte composition,16–18 electrode architecture,19,20 surface-to-volume
control by adjusting porosity,21–24 charging strategy,25–28 utilization of
laser for engineering the coating in smaller scales,19,29 and altering the
super-hydrophobicity.30 Meanwhile, the temperature as an externally
controlled and non-invasive parameter has been quantified31 and
utilized as a constant value32,33 and gradient form,34,35 in particular, in
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analogy with the solidification process.36 Nonetheless, the grown elec-
trochemical microstructures have been proposed to have a certain
degree of fractality.37,38

Modeling-wise, previous frameworks for the dendritic electrode-
position emphasized the space charge region39 and the role of electric
fields, whereas others correlated the prominent growth drive to the dif-
fusion limited aggregation (DLA).40,41 Meanwhile, electrodeposition in
radial form has gotten remarkable attention for explaining the mor-
phological features,42 where the fractal tendency and density have been
explored in terms of the applied voltage and involved concentra-
tion38,43,44 as well as the interface curvature.45

In the previous study, the dynamics (i.e., rate) of dendritic propa-
gation was correlated with the distribution of the electric field within
the circular domain, for the range of parameters considered, which
was obtained via tracking the microstructure reach in time.46 Herein,
we address the structural aspects of the microstructures and their cor-
relation with the involved parameters such as the electrolyte concen-
tration C and the applied voltage V. Establishing a percolation-based
framework, we initially define density forms in micro-scale (qMicro) for
the microstructures, which is the solid fraction that can be computed
from the experimental images down to the resolution of a single pixel,
and compute their transition vs the growth life of the evolving micro-
structures. Furthermore, for estimating the range of lower-scale den-
sity, which extend into the atoms, we develop a new model to
anticipate the rate of the propagation v of the advancing electrodeposit
front, with the presumed density q. Correlating the experimental and
computational rates of propagation, we get an estimation for the nano-
scale density qNano of the growing microstructures, which could not
get captured in the experimental measurements. Consequently, the
transition in the fractal dimension of the growing structures supple-
ments the underlying insights behind the oscillatory pattern in the
morphological evolution. The obtained framework could be useful for
optimizing the space of parameters for controlling and efficient com-
pression of the electrochemical deposits.

II. EXPERIMENTAL
The experiments were performed in an established rounded elec-

trochemical cell, as illustrated in Fig. 1. The copper wires (AWG 28,
0:2Xm#1, d ¼ 0:321mm) were purchased from Khaitan Winding
Wire Pvt. Ltd. (KWW Wires and Strips), and they were polished via a
sand paper of grit 200 and were bent into a circular shape
(d0 ¼ 18mm) for utilization as anode. Subsequently, it was locked on
a microscopic glass slide which was provided from HiMedia
Laboratories Pvt. Ltd. Conversely, for cathode, the tip of a copper wire
(AWG 32, q ¼ 0:5Xm#1; dI ¼ 0:202mm), acquired from KWW
Wires and Strips, was placed manually at the center of the circular
counter-electrode. The entire domain was filled with the electrolyte
solution drop by drop using a micropipette, that is, the specified con-
centrations of copper sulfate salt (CuSO4:5H2O; EMPLURA 99%) in
de-ionized water (Milli-Q, 99.8%). The ends of the electrodes were
connected to the power source (KEITHLEY 2410 1100V Source-
meter), and the array of the specified voltage V0 was applied in sepa-
rate experiments. A camera with macro-lens is fixed below the glass
slide to capture the microstructure evolution from the bottom. During
each individual experiment, the microstructures initiated from the
inner electrode (i.e., dI) and progressively propagated toward the
counter-electrode (i.e., dO). The range of variation in the applied

voltage V0, the electrolyte concentration C0, and the image acquisition
rate are summarized in Table I.

The range of the voltage V0 and concentration C0 were chosen
such that the electrolyte would not dry out during the prolonged time
requirement (occurring for smaller voltages V0) till short-circuiting
and there is noticeable variation in the obtained morphologies, particu-
larly where the internal pores become the most visible. After each
experiment, the wire electrode was disconnected, and the electrolyte
solution and the anode electrode were removed cautiously so as not to
distort the microstructure. Subsequently, the electrolyte solution was
removed carefully, the remaining was dried, and the side view of the
structure sitting on the glass slide was captured using a goniometer

FIG. 1. Schematics for experimental observation and tracking the growing micro-
structures. The circular propagation occurs when imposing the voltage V through
the circuit which deposits the ions from the larger ring electrode (cyan) into the
smaller electrode at the center (red). As the result, the electrodeposits grow from
center toward the periphery. The sample zones for larger qMicro and smaller qNano
scale densities are illustrated. The inset images on the left top present the sche-
matics for post-experiment measurement for the thickness, from the lateral view,
using a goniometer, and the left bottom image presents the sample thickness mea-
surements from different positions of the microstructure.

TABLE I. Experimental parameters. The electrodes are copper Cu, and the electro-
lyte is aqueous copper sulfate CuSO4 solution (i.e., C0).

dIðmmÞ dOðmmÞ V0ðVÞ C0ðmMÞ
Acquisition

rates ðFrame s#1Þ

0.2 18 3; 4; 5; 6; 7f g 5; 10; 25f g 1
20 ;

1
30 ;

1
40

! "
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(Dataphysics OCA 15Pro), leading to the mean thickness of the micro-
structures as "b ( 30 lm, as shown in Fig. 1, left insets.

Figures 2(a) and 2(b) illustrate two classes of morphologies with
branches and packed structures for specific values of the applied volt-
age V0, the electrolyte concentration C0, and the time span t.

III. COMPUTATIONAL
In order to capture the larger scale pores discernible in the optical

images, we perform image processing. The acquired experimental
images possess a certain resolution, where the pixel-level scale controls
the limit for discerning the microstructure from the empty space. Each
individual pixel in the images can be estimated as below:

b ¼ Image Size
Number of pixels

¼ 18 ) 10#3m
1500 pixels

( 12 lm=pixel; (1)

where b is the calibration factor between the image pixel and the real-
ity. Hence, the density measurement in an image can be counted on
the order of 12 lm which is termed as qMicro. On the other hand, the
emptiness inside the observed structure, that is, beyond the limit of the
current experimental window, can be extended down to atomic level
and comprehended as the smaller scale density of the microstructure,
termed as qNano. In fact, the total density q is expressed as follows:

q ¼ AS

ATOT
; (2)

where AS is the area of the solids, and ATOT is the total covered area.
As well, the micro-density qMicro can only capture the pores in the
larger scale, as

qMicro ¼
AGrain

ATOT
;

where AGrain is the solid-interpreted regions in the image processing,
which (might) have extra pores in atomic scale. However, in reality,
AGrain contains additional pores in smaller (i.e., atomic) scale expressed
with qNano. Hence,

qNano ¼
AS

AGrain
:

Therefore, by expansion of the total density definition in Eq. (2),
one has

q ¼ AGrain

ATOT
) AS

AGrain

¼ qNano ) qMicro

(3)

Hence, the total density q of the microstructure is expressed in
terms of two densities in the larger (qMicroÞ and smaller (qNano) scales.

FIG. 2. The variation in the observed morphology of the evolved dendritic electrodeposits vs the electrolyte concentration C0, the applied voltage V0, and the time t.
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Herein, we explain each term and approach computing the den-
sity across each scale (qMicro; qNano), as below.

A. Micro-density qMicro

The process for computing the micro-density qMicro involves dis-
tinguishing the material zone from the void space via counting the rec-
ognized pixels for either media. The steps for processing the acquired
images as a function of the applied voltage V, the electrolyte concentra-
tion C0, and the time t are presented as below:

1. Each RGB image contains information about the intensity of the
red (R), green (G), and blue (B) colors, in each individual pixel,
which by definition spans between 0 (no intensity) and 255 (full
intensity), and therefore each pixel contains three distinct values
of R;G;Bf g 2 ½0; 255$. After acquiring such information, the
color image is transformed into the respective gray-scale inten-
sity image Int by using the conventional coefficients f for each
color compartment as47

f ¼ 0:299 0:587 0:114½ $;

which yields

Int ¼ 1
255

fRR þ fGG þ fBBð Þ:

Obviously, the obtained gray-scale image is normalized version
of weighted RGB image to its maximum value; hence,
Inti;j 2 ½0; 1$.

2. In order to discern the solid sites (1) from the void regions (0),
the image Inti;j should be binarized. Several thresholding meth-
ods have been proposed based on shape,48 cluster,49 entropy,50

attribute-based,51 and locally adaptive52 optimization of the
gray-scale image. Since the foreground (black) and the back-
ground (white) image zones in this study highly distinct, with
minimal so-called gray region, the outcome for selecting either
thresholding method should be very similar. Herein, we utilize
Otsu’s popular method for optimized thresholding.53 In this
regard, the threshold value Intc determines if a given pixel will be
turned to black (i.e., 0) or white (i.e., 1), as below:54

Ji;j ¼
1 Inti;j + Intc

0 Inti;j < Intc:

(
(4)

The threshold Intc is chosen such that the obtained groups of 1
(filled states) and 0 (void states) are the most similar to each
other, as they are being placed in the same group. In other words,
the variation of data in either groups of 1 and 0 should be the
least. Such minimization can be estimated through the combined
variance r2 which should depend on each classes of 1 and 0
based on their composing fractions x1 and x0. Therefore, the
global grayness threshold Intc should be chosen as follows:55

Minimize r2 Such that :

r2 ¼ x0r20 þ x1r21
x0 þ x1 ¼ 1;

#
(5)

where closest is interpreted as having lowest variance.

3. The center pixel of the image, which can be approximated as the
mean value of the horizontal and vertical boundary values, was
taken as the initial seed. The percolation starts via connections
through the first-order neighbors (left  , right !, top ", and
bottom #), where the region of the dendritic structure is captured
progressively in consecutive steps until reaching the boundary of
the microstructure, where no further progress is possible.

4. The extracted microstructure through the percolation can be
extracted out from the rest of the image. As the original center
was for the captured image and not necessarily the center for the
microstructure, a new center is defined for the dendrite with
higher precision via averaging its horizontal and vertical extents.

5. Starting from the real center as the new seed point, the percola-
tion is re-initiated through the first-order neighbors (left  ,
right!, top ", and bottom #) progressively in consecutive steps,
where no further progress is possible. Throughout the percola-
tion, each pixel is indexed from the higher value down to 1.
Hence, the index of each pixel correlated by its percolation dis-
tance from the center seed.

6. The extent of propagation of each microstructure can be esti-
mated from the convex hull of the filled states. Figure 3(a) illus-
trates an extracted microstructure through percolation, with
corresponding dashed encirclement as the computed convex
hull. As well, since the convex hull acts as a boundary for propa-
gation extent, it can be used for separating the aggregation in the
outer zones of the microstructure from the inner region. In this
regard, Figs. 3(a) and 3(c) represent samples of outer and inner
pile up in the microstructure versus during the time until the
next image acquisition. In other words, we define qO, represent-
ing the amount of new material added to the outer periphery
between two consecutive time stamps, and qI designating the
same added to the interior.

From the obtained convex hull, the extent of the microstructure
reach can be obtained which falls in between the inner electrode (i.e.,
RI ¼ dI

2 ) and the outer electrode (i.e., RO ¼ dO
2 ), and one has

RI , Reach , RO. Normalizing to the outer radius RO, one gets

( 0 < r̂ , 1;

where r̂ is the normalized reach, and the approximation sign is used
since RI - RO. Mathematically, the reach r̂ can be calculated from the
following:

r̂ ¼ b
NCVXRO

X ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xCVX;i # xCð Þ2 þ yCVX;i # yCð Þ2

q
; (6)

where NCVX is the number of points in the convex hull, xCVX;i; yCVX;i
are their horizontal and vertical coordinates, and xC ; yC are the hori-
zontal and vertical coordinates of the center of the microstructure.

Figures 4(a)–4(c) track the aforementioned density types
q; qO; qI vs the scale reach r̂ as a measure for the progress of the
dendrites, which is tracked for different electrolyte concentrations
C0 2 5; 10f gmM and the voltages V0 2 3; 4; 6f g.

B. Nano-density qNano

The nano-density qNano tends to estimate the structural density
of growing microstructures, in lower-than-pixel scale, which cannot be
captured through computational image processing.
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From the percolation-based image processing in Sec. III A, one
can additionally compute the rate (i.e., velocity) of propagation of the
microstructures v̂ðtkÞ as

v̂ tkð Þ ¼
r̂ tkþ 1ð Þ # r̂ tkð Þ

dt
; (7)

where dt ¼ tkþ 1 # tk, and v̂ is the normalized velocity to the outer
radius RO. The trend of variation in the normalized velocity v̂ vs the
progress of the microstructure has been explained in our prior work.46

Such propagation rate is measured for the porous microstructure,
which contains both material and empty sites. In fact, the existence of
the empty spots exacerbates the propagation rate of the microstructure,
which can be used as a handle for porosity estimation.

Herein, we establish a modeling framework for calculating the
growth rate of the electrodeposited material, assuming the inherent
porosity of q. Fundamentally, the electrochemical flux J is the conflu-
ence of the two important effects of the concentration gradient and
voltage gradient, which in continuum scale can be expressed as follows:

J ( #D
@C
@r

# zF
RT

DC
@V
@r

;

where D is the diffusivity of the ions, C is the local concentration, r is
the radial distance from the center, z is the valence number of the
charge carriers, F is the charge per mole (96:5 kCmol#1), R is the gas
constant (8:314 Jmol#1 K#1), T is the temperature, and V is the local
voltage. The first term is the diffusive flux (JDF) generated from the
concentration gradient, and the second term is the electromigration
flux (JMG) driven through the voltage gradient (i.e., local electric field).
Meanwhile, the convective term, which the flux due to moving fluids is
neglected, since the small droplet medium is static, without external
stirring, the microstructures grow horizontally, it is not possible to
have a gravity induced motion due to possible density gradients, and
finally the droplet geometry is very thin39 (Height=Diameter ( 0:1).

For dense electrolytes ðC "") and lower applied voltages (V ##),
large concentration gradients can form, and one can notice%
@C
@r .

@V
@r

&
. In such cases, the diffusion will be the primary drive for

the transport, which is known as diffusion limited aggregation
(DLA).40,56 Vice versa for dilute electrolytes (C ##) and higher applied
voltages (V ""), the comparison of the gradients leads to

%
@C
@r -

@V
@r

&
,

and the electromigration term can dominate. Herein, we estimate the
individual contribution of the diffusive flux (JDF) and electromigration
flux (JMG) as below:

FIG. 3. Samples for computing the (a) total density q, (b) outer density qO, and (c) inner density qI for V0 ¼ 5 V, C0 ¼ 10mM, and t ¼ 200 s. The color spectrum, from blue
to red, correlates with the distance from the center.

FIG. 4. The variations in the (a) total density q, (b) outer density qO, and (c) inner density qI, vs the normalized reach of the microstructure r̂ 2 ½0; 1$ [defined in Eq. (6)], for dif-
ferent applied voltage values V0 (colors) and electrolyte concentrations C0 (/: C0 ¼ 5mM and !: C0 ¼ 10mM). The error bars indicate the range of standard deviations for
multiple measurements. The global q and outer density qO measurements exhibit generally reducing trend with progress r̂ and larger values with higher applied voltage V0.
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JDF ! D
C0

d
;

JMG ! zF
RT

DC0
V
k
;

8
>><

>>:

where C0 is the ambient molar concentration of the charge carriers in
the electrolyte, d is the boundary layer as the gradient zone for the con-
centration C, and k is the Debye length as the gradient zone for the
electric potential V. Typically, the physical boundary is much larger
than the electrical counterpart (i.e., k - d). To simplify this compari-
son, we conservatively use the scale of the space charge region xI ,
which falls in between these two extends (k < xI < d) for both fluxes,
hence over-estimating diffusion flux JDF and under-estimating electro-
migration flux JMG. In such case, the ratio of the two fluxes is simpli-
fied further as (choose V ¼ 3V, the smallest)

JDF
JMG

( RT
zFV

( 8:3 ) 298
2 ) 9:65 ) 104 ) 3

( 0:004 - 1

Therefore, for the minimum range of JMG and the maximum
range of JDF, one still observes the dominance of the electromigration
(JMG . JDF). Hence, the upcoming ions with the drift velocity of
vd ¼ lE and the sparse allocations with the concentration C0 lead to
the growth of the dendritic microstructures. Considering the growing
interface (dashed), the inflow of the ions (Cu2þ ) from solution-side,
with the drift velocity vd , will form the growing layer in the electrode-
side, with the density q, which will grow with the speed of vS.

In this regard, as shown in Fig. 5, the inflow of ions through the
effective thickness of dr within the electrolytic of concentration C0

contains the nIN number of moles as

nIN ¼ 2 psdr:"b:C0; (8)

and considering dr ¼ lEdt, one gets

nIN ¼ 2p"blNC0

% &
sE d t; (9)

where "b is the average in-plane thickness of the electrodeposits, and s
represents the dynamic position of the growing interface. On the other
hand, the number of moles in the formed solid microstructure nS by
the time span dt would be

nS ¼ q
2pN"bs
X

vSdt; (10)

where X is the molar mass of the solid copper m3

mol

' (
, q is the spatial

density of the accumulated microstructures (½ $), and vS is the rate of
propagation in the solid microstructure. Assuming all the upcoming
ions are getting deposited during the effective time interval dt, one gets

nIN ¼ nS: (11)

Hence, equating the relationships (9) and (10) and performing
simplification yields the approximation for the spatial density q as

q ¼ XC0

vS
lE; (12)

where l0 is the electrical mobility of the upcoming ions m2

V s

' (
, and E is

the electric field.

Likewise, for the planar electrodeposition, one could have nIN
¼ w"bC0 lEdt and nS ¼ q N"bw

X vSdt, where w is the width of the micro-
structures, and identically leads to Eq. (12).

IV. RESULTS AND DISCUSSION
The relationship (12) provides insights into obtaining the atomic-

scale spatial density of the atoms in the amorphous/porous micro-
structures. In order to obtain the electric field E, the voltage profile vs
the state of progress in the dendrites is obtained previously as46

V rð Þ ¼ V# þ ln rð Þ # ln sð Þ
ln ROð Þ # ln sð Þ

) *
DV; (13)

where s , r , RO. Respectively, the electric field E will be solely in the
radial direction, merely due to azimuthal symmetry, and will be
obtained as

E ¼ @V
@r

++++
s
¼ DV

s ln RO
s

' ( : (14)

The two correlations with the dendrite progress s in the denomi-
nator indicate such fast behavior in the initial and final stages of the
propagation. Hence, there must be a minimum position in between,
that is, smin leading to the minimum electric field Emin, and it can be
obtained by setting @E

@s ¼ 0, which gives

@E
@s

¼ 1
ln ROð Þ # ln sð Þ

1
ln ROð Þ # ln sð Þ

# 1
) *

DV
s2

¼ 0;

which requires ln RO
s

' (
¼ 1, and one gets

FIG. 5. The modeling framework for the accumulation of the upcoming ions (red)
with the drift velocity vd, forming the dendritic microstructures (orange) and the inter-
face grows with the state and rate of s and _s. RI is electrode radius.
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smin ¼
RO

e
( 0:37RO: (15)

Hence, the electric field in smin could be estimated for smallest
applied voltage 3 V from Eq. (14), as below:

E ! 3
0:37 ) 9 ) 10#3 ) ln 1

0:37

% & ( 900
V
m
:

Meanwhile, the electrical mobility l can be obtained from the
Einstein relationship as

l ¼ Dq
kBT

¼ 5:4 ) 10#10 ) 2 ) 1:6 ) 10#19

1:38 ) 10#23 ) 298

( 5 ) 10#8 V
m2s

where the diffusion coefficient D obtained for C0 ¼ 10mM,57 and
therefore, the spatial density q is obtained from Eq. (12) as

q¼ 7:1 ) 10#6 m3

mol
) 10

mol
m3 )

5 ) 10#8 ) 900
V
m

1:6 ) 10#3 ) 9 ) 10#3

( 2:2 ) 10#4 ;

where X ¼ 7:1 ) 10#6 is molar volume of copper, C0 ¼ 10mM, and
vS ( 1:6 ) 10#3m=s is the average progress rate of the microstruc-
tures estimated from Eq. (7).46

From averaging the micro-density values in Fig. 4(a), one can
approximate qMicro ( 0:75, and the range of the remainder density in
nano (i.e., atomic) scale will be obtained from Eq. (3) as

qNano 2 10#4; 10#3
, -

: (16)

As well, the original linear correlation assumption of the drift
velocity vd and the electric field (vd ¼ lE), which signifies the domina-
tion of the electromigration, can be verified from the experimental
measurements of the prior work,46 where both the propagation front
velocity vS and the electric field E have similar fast–slow–fast behavior
throughout the growth life of the propagation front. In other words,
the initial acceleration of the microstructures is due to smaller real-
estate for the radius of curvature in the growing interface (curvature
effect of the electrode), whereas the later stage acceleration behavior is
due to enhanced electric field toward the end. This suggests that both
the velocity of dendrites vS and the electric field E experience a version
of fast–slow–fast behavior.

Regarding the effective factors leading to the density of the micro-
structures, one could categorize them as the charging condition (i.e.,
V0), the involved solution (i.e., C0), as well as the interface geometry
(̂r), where each factor could become dominant if others have minor
contribution. In general, one could observe that the total q and outer
qO solid density is reduced throughout the growth life, till short-
circuiting almost in all cases. Regarding the inner density qI , a notice-
able trend was not observed, and its value is considerable smaller than
the total q and outer density qO. Herein, we explore the contribution
of each factor individually, as below:

A. Applied voltage V0

The voltage profile vs the normalized distance r̂ would yield ini-
tially reducing (E #) and later-on increasing (E ") behavior for the

electric field, with the minimum value as obtained in Eq. (15). Hence,
the voltage would not mainly be effective during the initial growth.
Since, the electric field E acts in favor of dendritic development (less
solid density). Therefore, the role of the voltage becomes more pro-
nounced toward the end of growth life of the microstructures, where
the high electric field forms more dendritic (directed) growth of the
branches and the density is reduced.

B. Solution concentration C0

One could ascribe that the higher molar concentration (C0 ") of
the electrolyte would yield more availability of the ions, better aggrega-
tion, and more packed formation of the microstructures, which is obvi-
ous for all computations of the total and outer densities q; qO in
10mM compared to 5mM. This shows that the electrolyte concentra-
tion is a highly effective parameter, in the range considered.

C. Geometry r̂
The role of geometry could be considered from the perspective of

electrodeposition area A and curvature j of the growing front.
Initially, the propagating microstructure has smallest area (A ##) and
largest curvature (j ""). As the microstructures evolve, the area
increases (A "), and the curvature is reduced (j #). Area-wise, the
increase in the real-estate for electrodeposition means more sparse and
directed growth, (q #), while curvature-wise, initially the convex inter-
face makes the growing branches diverge from each other with the
higher rate, whereas later-on the growing interface gets flattened, and
the diverging rate is reduced and the electrodeposition should get
more packed (q "). During such competition, the overall reducing
trend in the density values q; qO signifies the dominance in the effect
of area, than the curvature. As well, such geometry-induced reduction
in the density values q and qO is more pronounced [i.e., sharper slopes
in Figs. 4(a) and 4(b)] when other factors are less in magnitude, such
as lower applied voltage.

Summarizing the effect of the aforementioned factors in the solid
density, one can ascribe the below definitive methods to increase the
electrodeposition density q, while other factors are subjected to more
detailed investigation,

C0 "; j #) q " :

As well, one should note that due to fast electrodeposition, the
glass-style, metastable, and non-equilibrium formation of the micro-
structures is kinetics-dominated process, which is merely a random
allocation and not necessarily leads to the energy-minimized
microstructure.

One could additionally investigate the effect of the selected
method for thresholding/binarization in the computed densities.
While in general the mentioned method should vary, in this study
there have minimal effect on the obtained density value, due to dis-
cernible contrast between the solid and void parts as well as not pos-
sessing a considerable gray zone. The two widely different methods of
generalized Otsu (global) and adaptive thresholding (local) are com-
pared visually in Fig. 6, where Intc is the global threshold value, and
"Int c is the average of all threshold values optimized in local scale. The
relative error Err could be quantified via computing the difference
between the obtained global qGlobal and local qLocal methods, as
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Err ¼ qGlobal # qLocal
qGlobal

( 5%;

which is the difference obtained for two highly distinct methods. In
this regard, choosing a consistent thresholding method ensures the
accuracy of the obtained density trends, due to equal treatments.

Another aspect describing the complexity of the grown morphol-
ogy is the fractal dimension Df , which is defined as

N ¼ e#Df ;

where N is the number of filled states (i.e., material), and e is the
dimension. In other words, the fractal dimension can be obtained
from the following:

Df ¼ # logN
log e

: (17)

As an example, in previous works, the fractal dimension in the volt-
age range (between 7 and 8 V) has been identified to have the mini-
mum value.44 Herein, we evaluate the transient variation of Df and
observe a distinct zigzag trend constituting several peaks and
troughs, while the microstructure propagates toward the outer elec-
trode. This inherently indicates that the structural features vary with
time which can be directly correlated with its position inside the
inter-electrode space. Such wavy pattern in Df can be explained in
terms of the oscillating between the nucleation and the branching
described in the past.37 In fact, the sewing of the dendritic front is

FIG. 6. The comparison between the binarization methods: (a) global thresholding and (b) local adaptive thresholding.

FIG. 7. Identification of oscillatory behavior in the fractal dimension which infers nucleation (Df ") vs branching (Df #) during the growth of the microstructures. (a) C0 ¼ 5mM
and (b) C0 ¼ 10mM.
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the result of a balanced dynamics between direct extension of a
main branch and lateral nucleations of its sub-branches on its body.
The more a branch grows, the more it achieves peripheral area,
where the nucleation of new sub-branch becomes progressively
higher (more surface area ! more nucleation possibility). When
reaching a critical arm length, a new sub-branch is initiated. Such
direct-lateral growth dynamics generate highly porous microstruc-
ture in batteries with excessive surface-to-volume ratio, which is
metastable and thermally unstable, can dissociate during prolonged
cycles, and reduce the charge capacity, particularly in higher
temperatures.58,59

Regarding the branching phase, as the tip grows, its velocity is
chronologically decreased until it becomes much smaller than the
anionic recession speed, because the average growth speed of the tip is
the same as the anionic speed. With time, the space charge is again
recovered, and the surface field tends to overcome the critical value to
generate a new nucleation event.

A closer look into computing the fractal dimension in Eq. (17)
indicates that this version of the fractal dimension correlates with the
density q of the microstructures since it is a measure of filled states
over the dimension. Therefore, for the zigzag pattern provided in
Fig. 7, the increasing trends toward the peaks indicate the nucleation
(i.e., filling), whereas the decreasing trend toward the minima signifies
the branching (i.e., extending porous arms).

V. CONCLUSIONS
In this paper, the density dendritic microstructures have been

explored in the circular domain, both by means of experimental
observation followed by image processing, as well as theoretical
modeling. Initially, the evolution pattern of the microstructures is
analyzed via developing a percolation-based image processing proto-
col to quantify the formed voids in between the growing branches.
The solid-mass density has been observed to reduce almost in all
cases during the growth life, till short-circuiting, which is correlated
with increasing interfacial radius of curvature and hence the deposi-
tion real-estate, as well as increased electric field, which enhances
more direct (i.e., faster) and less lateral formation of the branches. In
parallel, an analytical model has been developed to evaluate the solid
nano-density qNano of the growing microstructure. Comparing the
velocity outcomes of the growth front in the experiments—with
invisible emptiness inside the visible solid mass—and atomic-scale
modeling, we have estimated an extent for the nano-scale density
qNano ! ½10#4; 10#3$ of the growing microstructures. Consequently,
the fractal dimension Df was tracked during the growth life where
its zigzag behavior was correlated with the oscillatory behavior
between nucleation of new seed branches and extension of existing
ones. The results could be useful for comprehending on the atomic-
scale density qNano of the microstructures, which is beyond the reach
of microscopic measurements, as well as understanding the variation
in the local structural density in circular growth of the dendritic
microstructures.

SUPPLEMENTARY MATERIAL
See the supplementary material for the raw data from the real-

time experimental measurements and the scripts for processing of
the images, computations of the total, outer, and inner densities,
their interpolations, and finally estimating the real-time fractal
dimensions.
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NOMENCLATURE
"b Ave. thickness of electrodeposits (m)
C Local ionic concentration (molm#3)
C0 Bulk electrolyte concentration (M)
D Bulk diff. coefficient (m2 s#1)
Df Fractal dimension

dI=RI Dia./radius of the cathode (m)
dO=RO Dia./radius of the circular anode (m)

E Electric field (V=m#1)
F Faraday’s constant (Cmol#1)

fR; fG; fB Red/green/blue coefficients (½ $)
Int/Intc Intensity/critical intensity value

i0 Exchange current density (Am#2)
J Total ionic flux (molm2 s#1)

JDF=JMG Diffusive/electromigration flux
kB Boltzmann constant (J K#1)
N Avogadro number ( "mol)
N Number of filled states by the boxes

NCVX Number of points/convex
nIN Number of moles of upcoming ions in dr
nS Number of atoms composing ds
q Charge per volume (Cm#3)
r̂ Normalized reach
s Position of the growing interface (m)

smin Position of minimum voltage (m)
tk Times in the step k

VðrÞ Voltage at position r (V)
V# Cathodic potential (V)
V0 Applied voltage (V)
vd Ionic drift velocity (m s

#1
)
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vS Rate of solid propagation (ms#1)
v̂ðtkÞ Normalized front velocity at time tkðs#1Þ
x, y Horizontal/vertical coordinates

xC; yC Horizontal/vertical coords of center
xCVX Horizontal coords/convex hull

xI Thickness of the space charge layer (mÞ
yCVX Vertical coord/convex hull

z Valence number
b Calibration factor (mmpixel#1)

DV Applied voltage difference (V)
e Dimension

l0 Ionic mobility ðm2 V#1 s#1Þ
q qMicro=qNano Total/micro/nano density

qO=qI Outer/inner density
r2; r20; r

2
1 Total/white/black pixels variance

x0;x1 Fractions of while/black portions
X Molar mass of copper (m3 mol#1)

APPENDIX: KELVIN EFFECT

One other aspect of the branches is the radius of the curvature
r of the propagation front, which would increase the required over-
potential for electrodeposition. Hence, the total overpotential g
becomes

g ¼ i
i0

RT
F

þ irRT
DC0F2 þ

2cV
Fr

; (A1)

where i is the applied current density, i0 is the exchange current
density in equilibrium, R is gas constant, T is the temperature, F is
Faraday’s constant, r is radius of curvature, D is diffusion coeffi-
cient, C0 is ambient electrolyte concentration, and V is molar vol-
ume. Obviously, the surface energy c becomes the most effective
when the radius of curvature r is very small. Herein, we calculate
each term separately, considering the smallest formed tip radius on
the order of !10atoms, for analogy:

The current density i varies roughly between !1 and
!10mAcm#2, and here we assume the average value of 5mAcm#2.
The closest exchange current density i0 is found to be 11Am#2,60

the surface energy is averaged for a range of the solvent
concentration as 2:5 ) 104 Jm#2,61 and the radius of curvature
would be

r ( 10 ) 1:28 ) 10#10

¼ 1:28 ) 10#9

and the individual overpotential terms are computed as

i
i0

RT
F

! 50
11

) 8:3 ) 298
96 500

( 0:12

irRT
DC0F2 !

5 ) 10#3 ) 1:28 ) 10#9 ) 8:3 ) 298

2p 4:5 ) 10#3ð Þ ) 30 ) 10#6 ) 10 ) 10#3
¼ 1:87

2cV
Fr

¼ 2 ) 2:5 ) 10#4 ) 7:1 ) 10#6

96 500 ) 1:28 ) 10#9 ¼ 2:87 ) 10#5;

8
>>>>>>>><

>>>>>>>>:

which proves that the Kelvin effect in this system could be
neglected.
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