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 A B S T R A C T

The corrosion of industrial components contains several attributes, mainly comprising perspectives from 
(electro) chemistry and physics of materials. In this work, a new solely mechanics-based constitutive paradigm 
is developed, which incorporates swelling-induced deformation during the corrosion as an internal drive, 
leading to elastic mismatch in the interface of oxide–metal binary medium, which is distinguishable from 
typical research in mechanics involving an external event (i.e. loads/displacements). In this regard, forming 
equilibrium between the larger oxide and smaller metal compartments, the non-linear evolution in the total 
swelling is properly formulated in closed-form versus the progress scale of the corrosion. The generated strains 
and the following stresses have been obtained for two cases of thin oxide films (i.e. 1D) and thick oxide 
layers (i.e. 2D), which involve both elastic deformation (i.e. reversible) and plastic corrosion (i.e. irreversible) 
events. The verification has been performed by tracking the formed radius of curvature from both perspectives 
of modelling and finite elements simulations. Furthermore, the dominant parameters for the formation of the 
metallic strain as well as the total swelling have been addressed. Consequently, the sensitivity of the interfacial 
mismatch stresses has been analytically explored versus the ratio of the elastic moduli and molar volumes. 
The developed swelling-induced mismatch paradigm could be used either as an indicator for the criticality of 
the corrosion extent, the corrosion-initiated mechanical actuation, or the material selection process for design 
in corrosion-prone environments, based on the volume-sensitive and mechanical properties.
 

 

1. Introduction

Oxidation of metals is a crucial factor for the safety assessment 
and engineering of industrial components (Young, 2008) and their 
operation (Knittel and Bronson, 1984), which occurs regardless of the 
resistance of the material under extreme conditions (Hillner, 1977). 
For instance, the use of corrosion-resistant zirconium Zr as a clad 
in nuclear reactors still sets limitations on the reactor’s fuel energy 
extraction rate in high temperatures (Zaimovskii, 1978) and humidity 
(El-Sherik, 2017) which could lead to degradation (Causey et al., 
2005) and possibly fracture (El Maaddawy and Soudki, 2007). The 
mechanisms of corrosion have extensively been investigated (Marcus, 
2011), which is still ongoing using new techniques such as additive 
manufacturing (Sander et al., 2018).
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Corrosion has mainly been investigated through the
(electro)chemical/material perspective for understanding the underly-
ing mechanism (Preuss, 2021), kinetics (Forsberg et al., 1995), passi-
vation (Stafiej et al., 2013), irradiation (Was et al., 2011), the role of
nanostructure (Mahesh and Raman, 2014) and temperature range (Yin 
et al., 2009) and chemical reactions (DiMeglio and Bartlett, 2017), 
oxide phase transformation (Chen et al., 2022), environmental sul-
fide (Kimura et al., 1989), fluorine (Gwinner et al., 2022) and iodine
additives (Li et al., 2022), synthesizing composites (Chen et al., 2019), 
graphene coating to enhance thermal stability (Sun et al., 2022) and 
chemical composition (Kozlovskiy and Zdorovets, 2019). It has been 
particularly explored in the magnesium alloys (Atrens et al., 2020), bio-
metallic materials (Singh and Dahotre, 2007), implants (Eliaz, 2019), 
carbon steels (Dwivedi et al., 2017), and concretes containing steel 
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 Nomenclature
 Symbol Description  
 𝑅𝑃𝐵 Pilling-Bedworth ratio  
 �̂� 1D swelling ratio.  
 𝐶 Concentration of oxygen (mol m−3)  
 𝐶0 Ambient oxygen conc. (mol m−3)  
 𝑡 time (s)  
 𝑠(�̂�) oxide (normalized) scale (m)  
 𝐷 Oxygen diffusivity /oxide (m2 s−1)  
 𝑘 Corrosion reaction rate (s−1)  
 ℎ0, 𝑙0 bare height/width of metal (m)  
 𝐺𝐴𝑑 adherent shear modulus (GPa)  
 ℎ𝐴𝑑 adherent thickness (m)  
 𝑃 external shear load (N)  
 𝑙𝑇 , 𝑙𝐸𝑄, 𝑙𝐵 top, equilibrium, bottom scale (m)  
 𝜈(𝑣𝑂) Poisson ratio (Oxide)  
 𝐺𝑀 , 𝐺𝑂 metal/oxide shear modulus (Pa)  
 𝜖𝐸𝑄,𝑂 horizontal oxide strain at interface  
 𝜎𝑥𝑥 horizontal stress (Pa)  
 𝐴 Metal cross-sectional area (m2)  
 𝛿 central vertical displacement (m)  
 𝑟𝐸𝑄 Interfacial radius of curvature (m)  
 𝑉𝑚,𝑂 , 𝑉𝑚,𝑀 Oxide/metal molar vol. (m3 mol−1)  
 𝛿𝑥, 𝛿𝑦 horizontal/vertical swelling (m)  
 ℎ𝑀 metal scale (m)  
 𝑑𝑦𝑀 removed metal increment (m)  
 𝑑𝑦𝑃 , 𝑑𝑦𝐸 plastic/elastic swelling (m)  
 𝐸 (�̂�) elastic modulus (ratio) (Pa)  
 𝐸𝑂(𝐸1), 𝐸𝑀 (𝐸2) oxide/metal elastic modulus (GPa)  
 𝜖𝑂 , 𝜖𝑀 oxide/metal strain  
 �̂�𝑀 normalized metal stress  
 𝜎𝑦,𝑀 , 𝜖𝑦,𝑀 metal yield stress/strain  
 𝛥 (𝛥) total (normalized) swelling (m)  
 𝑑𝑥𝑅 infinitesimal retention (m)  
 𝜏𝑈𝑁 uniform shear stress (Pa)  
 𝑡1, 𝑡2 oxide/metal scales (m)  
 𝑑𝑥, 𝑑𝑦 top corner displacements (m)  
 𝜖𝐸𝑄,𝑀 horizontal metal strain at interface  
 𝑒 neutral axis distance (m)  
 𝑏 depth of metal (m)  
 𝑐 maximum distance from centroid (m)  
 𝛿𝜃 total angle span (𝑟𝑎𝑑) after bending  

bars (Broomfield, 2023). Corrosion has been measured for the degra-
dation of non-metallic elements such as plastics (Choi et al., 2007),
concrete (Gaidis, 2004), and fuel cells (Dong et al., 2024). The used 
methods include Raman imaging (Mermoux and Duriez, 2021), visual
inspection (Khasanova, 2022), setting up a new device (Wilczynska
et al., 2019), and cyclic cooling (Mohanty et al., 2012).

Possessing a similar mechanism, one of the main failure mechanisms 
in Light Water Reactor (LWR) pipes is the stress buildup and the
formation of metal–oxide layers with the underlying intact metal matrix
(Motta et al., 2007). The resulting swelling, which could get local-
ized (Jacques et al., 1999), translates to added compressive stresses
(Ganser et al., 2019), which could get exacerbated in the presence
of external pressure (Aryanfar et al., 2022), and could lead to the 
formation of cracks, particularly during cyclic cooling (Mohanty et al.,
2012). Such corrosion-induced stress development has been observed
via specimen extension tests (SETs) (Noden et al., 1968), deflection-
based measurements (Huntz et al., 2002), and catenary (Evans and 
Huntz, 1994) methods, temperature variation (Stout et al., 1989), as
well as X-ray diffraction microscopy (XRD) (Goedjen et al., 1997) and 
2 
Raman microscopy (Birnie et al., 1992). The observed repetitive jump 
and slow-down pattern of the corrosion rate signifies the layer-by-layer 
cracking, which ultimately leads to the total fracture (El Maaddawy 
and Soudki, 2007). In this context, the formation of residual stresses 
has been explored (Fettre et al., 2015), the corrosion-induced stress 
growth has been measured during the heating–cooling cycles (Kurpaska 
et al., 2018) in local and global scales (Kurpaska et al., 2016), and 
during creep deflection tests (Saunders et al., 1997). Furthermore,
the real-time stress measurements are more accurate than their post-
facto counterpart due to amplified oxygen diffusion and increased
viscoplasticity (Le Saux et al., 2018).

Although corrosion is an electrochemical event, it originates from 
the diffusion of oxygen solute from the water into the metal matrix 
(Cox, 2005), which generates internal mismatching stresses (Huang 
et al., 2013). Equivalent studies have investigated in the context of 
water-absorbing polymer gels (Drozdov and Christiansen, 2016), plastic
straining (Zhao et al., 2018), lithium insertion into silicon electrodes 
and polymer electrolytes (Zhao and Cui, 2016), chemo-mechanics for 
rechargeable batteries (Zhao et al., 2019).

Modeling-wise, there have been developments of several finite el-
ements methods (FEMs) for localized corrosion (Liu and Kelly, 2019), 
stochastic approaches (Li et al., 2009) and analytical (Chou et al., 2014) 
works, with idealizing assumptions. Furthermore, the relationship be-
tween the oxidation scale and the formed stress has been established 
in several modeling studies based on the diffusion (Dong et al., 2013), 
interface curvature (Aryanfar et al., 2022), and the superposition of the 
free and confined interactions between the metal and oxide (Ruan et al., 
2013). Moreover, the kinetics of corrosion has been described in the 
form of nonlinear (Ma et al., 2023), power-linear forms (Panchenko 
and Marshakov, 2016), diffusion-coupled current density prediction 
(Seddiqi et al., 2020), coupled diffusion–reaction framework (Fatima 
et al., 2011), the peridynamics modeling (Jafarzadeh et al., 2019) 
and statistical exploration of annealing temperature on the pitting 
corrosion (Gholami et al., 2015).

Case studies of corrosion-induced deflection and its kinetics have 
previously been reported (Roy and Burgess, 1970) where the corrosion
kinetics have been correlated to the radius of curvature in the growing
interface (Zhang et al., 2023) as well as the geometry of the corrosion 
medium (Chou et al., 2014). As well, the deflection has been utilized
to measure the amount of the buildup stress (Li et al., 1999) and to 
quantify the scale of corrosion (Huntz et al., 2007). The development of 
the stress has been also explored using the visco-plastic behavior (Parise
et al., 1998), creep behavior (Ruan et al., 2012), in the context of 
thin films/coatings (Abadias et al., 2018), delamination (Stoney, 1909), 
swelling in the bilayer gel beams (Drozdov and Christiansen, 2016), 
bending (Pezzulla et al., 2016) and thermo-mechanical equilibrium 
in bi-layers (Abawi, 2004), core–shell quantum-dots (Yang, 2023), 
quasi-isotropic strands (Zhang and Wu, 2023), epitaxial mismatch (Sub-
ramaniam and Ramakrishnan, 2003), and exploring residual stress in 
welded components (Song et al., 2022).

One of the main attributes of corrosion, which has yet to be studied
in-depth, is the formation of metal to oxide and the resulting swelling.
In this regard, a considerable amount of oxygen enters the metal
matrix and causes volume expansion. Such swelling, which as well
occurs for non-metallic compounds in the presence of humidity (Eliseev 
et al., 2024), is represented by the Pilling–Bedworth ratio 𝑅𝑃𝐵 for the
metals (i.e. 56% for the zirconium) (Bedworth and Pilling, 1923) and 
causes a substantial interfacial mismatch stress development within 
the metal/oxide interface. The strain growth could be explained by 
combining the Pilling–Bedworth ratio with an array of physical mea-
sures (Clarke, 2003). Nonetheless, the Pilling–Bedworth ratio remains 
a strong indicator of the increase in molar volume and an initiator of 
mismatch stress (Xu and Gao, 2000), which has not been sufficiently 
explored for predicting the mechanical failure of metals. Hence the
current understanding on the chemistry of the corrosion could be 
complemented from the viewpoint of the mechanics. 
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Table 1
Typical corrosion parameters for zirconium Zr. 
 Parameter 𝐷 𝑘 𝐶0 𝑠  
 Value 1.4 × 10−20 7.1 × 10−6 55 × 103 1  
 Unit m2 s−1 s−1 mol2 m−3 mm  
 Ref. De González and García (1990) Zhang et al. (2007) Calculated Assumed 
 

 
 

 

 

 

 

 
 

 

 

 
 

 

 

 

 

 

 

 
 
 

 

 
 

In this paper, a corrosion-state dependent one and two-dimensional
frameworks have been developed for the evolution of the elastic mis-
match strains/stresses versus the corrosion progress, with a simplified
environment as the boundary. In this regard, the initial stages of
corrosion is focused on, since the other age-related effects leading 
to degradation/disintegration, such as (electro) chemical factors have
not dominated the corrosion yet, and the mechanical interactions are 
still in the elastic regime of behavior. Starting from an infinitesimal 
swelling due to volume augmentation during the transition of metal 
to oxide, and considering the difference in their respective mechanical 
properties, we have defined dimensionless parameters and established
a constitutive paradigm for obtaining the interfacial equilibrium scale 
between oxide and metal. Subsequently, we have quantified the total
amount of swelling and the internal strains/stresses, as well as the 
resulting curvature for the candidate materials. The paradigm is ver-
ified with the finite element simulations and the correlation of the
mismatch strain with the physical properties has been explored further. 
The obtained physics could be useful for understanding the mechan-
ics of the corrosion and the attributed deformation as well as the 
material-selection process during the design for the corrosion-sensitive 
environments.

2. Methodology

The gradual corrosion in the thin films and metal layers causes
swelling in the surface, due to infiltration of oxygen and formation of
oxide, considering that the oxide compound takes more volume than 
the corresponding metal. Such volume augmentation is characterized 
by the Pilling–Bedworth ratio 𝑅𝑃𝐵 (Bedworth and Pilling, 1923) as: 

𝑅𝑃𝐵 =
𝑉𝑚,𝑂
𝑉𝑚,𝑀

(1)

where 𝑉𝑚,𝑂 and 𝑉𝑚,𝑀  are molar volumes of oxide and metal for the 
given specific material.

Barring a few exceptions, the volume of the oxide is larger than 
the equivalent metal distinguishably (𝑅𝑃𝐵 > 1). Considering the metal 
yielding strain in the order of ∼ 10−3, the developed mismatch strains 
can easily cause failure and lead to plastic deformation, which is central 
to the developed mismatch framework.

2.1. Kinetics

Since the chemical aspects of corrosion such as passivation, for-
mation of side-products (i.e. hydroxides), phase transformation, etc., 
have been thoroughly investigated in the past, herein we focus on the 
mechanical aspect of corrosion. During a typical corrosion event, the 
oxide layer forms through the simultaneous diffusion of oxygen, deep 
down into metal matrix, as well as the diffusion of metal, up to the
surface of the medium (Young, 2008; Birks et al., 2006). While the 
former event causes local expansion in depth and forms mismatch in
larger scale, particularly between the deformed oxide and undeformed 
metal, the latter mechanism forms more of stress-free oxide on the 
exposed surface, which grows similar to the electrodeposition event. 
In this study, we have conservatively considered only oxygen diffusion
as extreme case scenario, leading to the build-up of the maximum
possible stress in the limit. In such case, the infiltrated oxygen meets 
the corrosion interface in depth. The oxygen transition in depth of 𝑦
from the surface can be expressed as the trade-off between diffusive
 

3 
influx/out-flux of the ions (𝐷𝐼𝐹𝐹 ) as well as their consumption via 
reaction (𝑅𝑋𝑁), summarized as follows Reyes et al. (2018): 
𝜕𝐶
𝜕𝑡

=
( 𝜕𝐶
𝜕𝑡

)

𝐷𝐼𝐹𝐹
−
( 𝜕𝐶
𝜕𝑡

)

𝑅𝑋𝑁
(2)

In order to compare the rates of diffusion 𝐷𝐼𝐹𝐹  and reaction 𝑅𝑋𝑁 , 
the typical values for the corrosion of zirconium are used as given
in Table  13. 

Hence, one can compare the order of the diffusion term in the oxide
scale 𝑠 versus the reaction term, as: 
⎧

⎪

⎨

⎪

⎩

(𝑑𝐶
𝑑𝑡

)

Diff
∼ 𝐷

𝐶0

𝑠2
∼ 10−22 mol s−1

(𝑑𝐶
𝑑𝑡

)

Rxn
∼ 𝑘𝐶0 ∼ 10−1 mol s−1

(3)

which yields: 
( 𝜕𝐶
𝜕𝑡

)

𝑅𝑋𝑁
≫

( 𝜕𝐶
𝜕𝑡

)

𝐷𝐼𝐹𝐹
(4)

The interpretation of the reaction rate being far more dominant 
than that of diffusion, with a significant gap, is that the oxygen is 
consumed immediately upon reaching the reaction sites and the dif-
fusion into the inner depth of corrosion is only possible when the
corrosion interface is saturated to the full stoichiometric limit. In other 
words, during the further progress of the oxide layer, no tangible 
variation in the concentration profile in depth should be observed, since
the previous oxide layers are stoichiometrically saturated by reaction, 
and observe no consumption. As well, since the growth rate in the 
interface of metal/oxide is considerably slow, it could be treated in 
quasi steady-state form. 

2.2. Corrosion characterization

The oxide layer typically is a heterogeneous medium containing
grains, where the oxide expansion can occur through their bound-
aries (Rhines and Wolf, 1970). For simplicity in this work we assume 
this medium to be homogeneous. While the diffusion in atomic scale
could be attributed to oxygen flow into the metal matrix (Pemsler, 
1958), in the larger scales could occur through the diffusion of oxygen
into the grain boundaries of the grown columnar oxide grains (Rhines
and Wolf, 1970). Regarding the side-corrosion, in the very initial
stage of corrosion, the formed oxide layer has extreme aspect ratio 
(thin height and long width). Hence, the horizontal real-estate is the 
entire surface (top) and the vertical real-estate (left/right) is very thin. 
Therefore the contribution of side-corrosion will be insignificant. As
well, certain domains lack side-exposed boundaries, such as pipes with 
the rounded geometry makes the left and right boundaries eventually
connected together. Therefore a significant portion of the corrosion
continues to occur though the top surface. 

In order to understand/calculate the internal mismatch stresses and 
deformation between the formed oxide (i.e. surface) and the metal 
(i.e. inner bulk), we perform superposition and decompose the oxida-
tion into two steps. Hence initially the oxide grows freely and later on 
it gets confined by the underneath metal layer.

3 The molar concentration of the water can simply be calculated as: 

𝐶0 =
𝜌
𝑀

=
1000𝑔𝑟 L−1

18𝑔𝑟 mol−1
= 55 mol L−1
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Fig. 1. (a) Free transformation and swelling of a metal piece into oxide. (b) The characterization of infinitesimal plastic swelling 𝑑𝑦𝑃  versus the infinitesimal corrosion 𝑑𝑠.
 

 
 
 
 

 

 

 
 

 

 
 

 

 
 

As illustrated in Fig.  1(a), the original metal of dimensions 𝑙0 ×
ℎ0, can isotropically expand in all directions and end up in a new 
oxide form, which is characterized by the volume expansion given in 
Equation (1). Hence during the 3-dimensional free expansion, each side
grows with the scale of �̂� = 3

√

𝑅𝑃𝐵 .
The corrosion in this work is tracked versus the progress in the 

thickness of oxide scale 𝑠, which gradually grows from the surface of 
the metal in quasi steady-state form, until ideally spanning to the entire
medium (i.e. 0 < 𝑠 < �̂�ℎ0). Fig.  1(b) illustrates that an infinitesimal
metal scale 𝑑𝑦𝑀  is replaced by a slightly larger new infinitesimal oxide
scale 𝑑𝑠, where 𝑑𝑠 = �̂�𝑑𝑦𝑀 . In such trade-off, the infinitesimal plastic
swelling 𝑑𝑦𝑃  can be calculated from the difference of formed oxide 
versus the vanished metal as (Aryanfar et al., 2022): 

𝑑𝑦𝑃 ≈ �̂� − 1
�̂�

𝑑𝑠 (5)

therefore, for the initial metal height of ℎ0, the instantaneous total 
height due to corrosion scale 𝑠 would be ℎ0 + �̂� − 1

�̂�
𝑠, which is com-

posed of both metal and oxide, and the remaining metal scale ℎ𝑀 (𝑠)
would be: 
ℎ𝑀 (𝑠) = ℎ0 −

𝑠
�̂�

(6)

2.3. 1D modeling (thin films)

Fig.  2(a) shows an experimental sample of an oxide layer formed on 
top of a metal substrate (Lin et al., 2017). Having different volumes and 
a common interface scale, a mismatch stress develops in both layers. 
This can be explained more clearly via the superposition into initial free
expansion of a metal piece (𝑙0) into oxide (�̂�𝑙0) and its later confined 
retention to reach static equilibrium (𝑙𝐸𝑄) as illustrated in Fig.  2(b).
Hence the mismatch stresses develop within either media internally. 
Such stress for the oxide is compressive (→←) due to resistance to
free expansion, and vice versa tensile stress (←→) is generated within
the metal due to imposing enlargement via the upper oxide in their 
interface.

For 1D approximation (i.e. thin film), considering the plane stress 
condition, the stress variation in the vertical direction could be consid-
ered as negligible, forming a rectangular stress profile. Hence, the static 
equilibrium (∑𝐹𝑥 = 0) yields: 

𝐸𝑂𝜖𝑂𝑠 ≈ 𝐸𝑀 𝜖𝑀

(

ℎ0 −
𝑠
)

(7)

�̂�

4 
where the approximation sign is due to assumption of uniform stress
distribution in the vertical direction. Having the individual strains as 
𝜖𝑂 =

�̂�𝑙0 − 𝑙𝐸𝑄

�̂�𝑙0
< 0, 𝜖𝑀 =

𝑙𝐸𝑄 − 𝑙0
𝑙0

> 0, one gets the final equilibrium 
scale 𝑙𝐸𝑄 as: 

𝑙𝐸𝑄 ≈
�̂� +

(

�̂��̂� − 1
)

�̂�

�̂� +
(

�̂� − 1
)

�̂�
𝑙0 (8)

where �̂� =
𝐸𝑂
𝐸𝑀

, and �̂� = 𝑠
ℎ0

 are the ratio of elastic moduli and the 
relative progress of the corrosion respectively.

2.3.1. Metal stress
Having the equilibrium scale 𝑙𝐸𝑄 as an intermediate between the 

smaller and larger medium (𝑙0 ≤ 𝑙𝐸𝑄 ≤ �̂�𝑙0
)

, one can obtain the metal-
lic strain as 𝜖𝑀 =

𝑙𝐸𝑄 − 𝑙0
𝑙0

> 0. For small corrosion amount, the
material behaves in the elastic (i.e. linear) regime. Hence the formed
metallic stress 𝜎𝑀  would be obtained which can get normalized as: 

�̂�𝑀 ≈ 1
𝜖𝑦,𝑀

�̂�
(

�̂� − 1
)

�̂�

�̂� +
(

�̂� − 1
)

�̂�
(9)

where �̂�𝑀 =
𝜎𝑀
𝜎𝑦,𝑀

 is the normalized metallic stress, 𝜎𝑦,𝑀  and 𝜖𝑦,𝑀  are 
the metal yield stress and strain respectively.

2.3.2. Total swelling 𝛥
The total swelling 𝛥 is the cumulative result of the infinitesimal 

corrosion-induced (i.e. plastic) swelling 𝑑𝑦𝑃  - due to stoichiometric
reaction with the oxygen- as well as the elastic swelling 𝑑𝑦𝐸 - due to 
lateral confinement from the underneath metal (i.e. Poisson’s effect), 
as: 
𝑑𝛥 = 𝑑𝑦𝑃 + 𝑑𝑦𝐸 (10)

While the plastic swelling was previously obtained in Eq.  (5), the 
elastic swelling can get calculated via the superposition steps as shown
in Fig.  3. Since the top (and bottom) surfaces are traction-free 𝜎 = 0,
they will experience a higher amount of swelling resulted from the cor-
rosion. Conversely, the lateral directions will experience lower amounts 
of swelling and will have partial deformation. Therefore, the elastic 
swelling can be broken down to the initial free expansion of the original
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Fig. 2. (a) Experimental image of metal/oxide cross-section. (b) Static equilibrium between the transformed oxide (larger) and remaining metal (smaller).
 
 
 

Fig. 3. The swelling during the transition of the infinitesimal metal element (blue) to oxide could be simplified by the superposition to an initial free expansion (green) on the
corroded portion followed by a confined horizontal retention (red) to reach the static equilibrium with the underneath metal (not shown here). In the first step, the oxide free
expansion (i.e. swelling) generates the plastic (i.e. irreversible) displacements of 𝑑𝑥𝑃  (horizontal) and 𝑑𝑦𝑃  (vertical) whereas later on, the confined side-retention of 𝑑𝑥𝑅 leads to
extra elastic vertical expansion 𝑑𝑦𝐸 due to Poisson’s effect. (𝑅𝑃𝐵 > 1).
 
 
 

 

 
 

metallic medium (blue to green) and later confined retention (green to 
red). In the second step, the Poisson effect describes the relationship 
between the vertical 𝜖𝑦 and horizontal 𝜖𝑥 strains by magnitude as: 
𝑑𝑦𝐸
𝑠

= 𝜈𝑂
𝑑𝑥𝑅
�̂�𝑙0

(11)

and the magnitude of infinitesimal retention 𝑑𝑥𝑅 is obtained as:
𝑑𝑥𝑅 = �̂�𝑙0 − 𝑙𝐸𝑄

=

(

�̂� − 1
) (

�̂� − �̂�
)

�̂� +
(

�̂� − 1
)

�̂�
𝑙0 (12)

We note that, such correlation between the retention 𝑑𝑥𝑅 and the 
corrosion scale �̂� is independent of larger scale geometry (thin, or thick) 
and occurs for the infinitesimal element of the material.

Finally the total normalized swelling 𝛥 is obtained via replacement 
of Eqs. (12), (11), and (5) into the relationship (10) as: 

𝛥 = �̂� − 1
(

1 + 𝜈𝑂

(

�̂� − �̂�
)

( )

)

�̂� (13)

�̂� �̂� + �̂� − 1 �̂�

5 
where 𝛥 = 𝛥
ℎ0

 is the normalized total swelling of the metal/oxide 
composite medium.

2.4. 2D modeling (thick layers)

Fig.  4(a) illustrates the geometry of the connection between the
oxide (i.e. larger, top) and metal (i.e. smaller, bottom) layers with the
resulting curvature due to expansion via infiltration of oxygen 𝑂2. Due
to symmetry, the left/right distributions will be identical, hence one 
narrow-down to the half scale. Herein we elaborate on the mechanical 
equilibrium, both in the interface and within each component, as
below:

2.4.1. Shear stresses
Fig.  4(b) illustrates the free body diagram for both metal (lower) 

and oxide (upper) layers, separated in their interface. In order to obtain
the distribution of the shear stress, one can notice that due to symmetry
in the central cross-section, the shear stress should be both in opposite
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Fig. 4. The characterization of the (a) deformed shape and (b) interfacial stresses during the corrosion of a thick (i.e. 2D) metallic layer.
 

 
 
 
 

 
 

 

 
 

 

 

 

 

 

 

 

 

 
 

directions (action–reaction) and be equal (symmetry) simultaneously, 
hence it will vanish (𝜏 =0). In other words, due to expansion to the 
sides, the shear stress in the left half should be to the left direction and 
vice versa in the right half, to the right. Hence in the center is should
yield to zero in the middle. This has been illustrated as the vertical 
dashed green line in the center (𝑥 = 0), which remains undeformed. 
However, moving towards the left/right boundaries (𝑥 → ±

𝑙𝐸𝑄

2
) along 

the oxide–metal interface, the original vertical planes will get distorted 
and become more and more tilted since the boundaries are traction-free
and more relax than the center. Hence, since the shear stress correlated
with the slope of the deformed planes (𝜏 ∝ 𝛾 ∼ 𝑑𝑥

𝑑𝑦
) one needs to adopt

a distribution for the shear stress between two layers, which starts from
zero (𝜏 = 0) in the center, and increases monotonously towards the 
boundaries in a certain form. We interpret the metal–oxide interaction
as two distinct layer with the possibility of sliding/resisting against
each other to a certain extent. 

Several models have developed the distribution of shear stress along 
the interface of the two components, which tend to drop from the 
external location . In this regard, typically the shear lag model has
been used between two distinct layers (Dillard, 2002), in the surface-
attached optical fiber sensors (Duck et al., 1999), and for estimating the 
crack density in laminates (Singh, 2018). The shear distribution in the 
shear lag model, which additionally contains the inter-layer adherent 
component, highly depends on the mechanical response (i.e. flexibility)
of the adherent (Mojdehi et al., 2017). In the extreme cases, two
distinct shear stress profiles have been proposed for the highly stiff 
(i.e. rigid) versus the highly loose (i.e. flexible) mechanical behavior
of the adherent (Dillard, 2002). Any type mechanical behavior in a 
bonding between two layers is expected to fall in between these two
extreme states, including the chemical bonding in the interface of 
oxide and metal layers. The distribution of the shear stress in these 
two extreme conditions provides the upper/lower bounds for the shear 
stress distribution and can help to obtain an interpolated shear stress 
profile. In particular the visualization can helpful for interpolation. As 
a case-study, we consider a medium of 1 cm × 1 cm and assume 5% 
progress in the scale of corrosion (i.e. �̂� = 1

20
�̂� and �̂� being the entire 

extent of the corrosion). Therefore, the remaining metal scale would be
ℎ = 0.95�̂�ℎ  and the progressing oxide scale ℎ  would have the value 
𝑀 0 𝑂

6 
Table 2
Parameters for calculating shear stress. The selected is zirconium Zr .
 Parameter ℎ0 𝑙0 𝑠 ℎ𝑀 𝑃 𝐺𝐴𝑑 ℎ𝐴𝑑  
 Value 2 2 1.16 1 100 56.5 1  
 Unit cm N GPa mm 

of ℎ𝑂 =
ℎ0
20

�̂�. Table  2 illustrates a sample geometry, and the Table  3 
(later) provides the material properties for the sample metal (i.e. Zr). 
Due to the absence of adherent, the interfacial shear modulus 𝐴𝐴𝑑 is
assumed to be the average of the oxide and metal and the interfacial 
adherent thickness ℎ𝐴𝑑 is assumed very small compared to the oxide
and metal scales.

In the case of rigid adherents, the uniform shear stress 𝜏𝑈𝑁  is 
formed, per unit of depth (1𝑚), which can simply calculated as: 

𝜏𝑈𝑁 = 𝑃
𝑙
= 100

2 × 10−2
= 5 × 103N/m (14)

and for the case of flexible adherent the shear stress 𝜏𝐹𝐿 is obtained
from the static equilibrium has (Dillard, 2002): 

𝜏𝐹𝐿 (𝑥) = 𝑃𝜔

2 sinh
(𝜔𝑙
2

)
cosh (𝜔𝑥)+ 𝑃𝜔

2 cosh
(𝜔𝑙
2

)

𝐸2𝑡2 − 𝐸1𝑡1
𝐸1𝑡1 + 𝐸2𝑡2

sinh (𝜔𝑥) (15)

where 𝑥 is the horizontal distance from the central axis, 𝑃  is the applied 
shear force, and 𝐸1, 𝐸2 and 𝑡1, 𝑡2 are the elastic moduli and thickness 
of the media 1 and 2 respectively. Meanwhile, 𝜔 is the coefficient
expressed as : 

𝜔 =

√

𝐺𝐴𝑑
ℎ𝐴𝑑

(

𝐸1𝑡1 + 𝐸2𝑡2
𝐸1𝑡1𝐸2𝑡2

)

(16)

Therefore, the shear stress grows exponentially from the center and 
reaches the maximum value at the far end (i.e. 𝑥 = 𝑙

2
).

Replacing the geometrical and material properties of the oxide (with
the index □1) and metal (the index □2) in Equations (15) and (16), 
from Tables  2 and 3 (next section), and including Eq.  (14), one gets
the two shear stress profile visualized in Fig.  5(a), which differ due
to mechanical behavior of the adherent (rigid ↔ flexible). Hence for 
the corrosion event, where the oxide/metal interface is chemically-
bonded and is not externally loaded, the projected shear stress profile 
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Fig. 5. Estimation of the (a) shear stresses profile between oxide and metal and (b) the static equilibrium between the compressive and shear stresses in half-oxide.
 
 

 

 

 

 

 

 
 

 

 

 

 

is assumed to be the average of the two aforementioned extreme
profiles, with a linear variation versus the distance (i.e. dashed green
line). Needless to mention that although the shown profiles in Fig. 
5(a) are obtained for specific scale of corrosion (�̂� = 0.05�̂�), same
correlation is obtained for any other extent of the corrosion �̂�, as well 
as any considered force 𝑃 , where the linearized case (Fig.  4(b)) falls in 
between the two extreme cases of rigid and flexible adherents. 

In the interface of the oxide and metal, the slopes are correlated
with the shear modulus (𝜏 = 𝐺𝛾) via action–reaction mechanism, where 
the harder the medium (𝐺 ↑), the less it twists (𝛾 ↓). Hence, setting 
𝜏𝑀 = 𝜏𝑂 in the extreme outer boundary, and considering the plain stress 
condition, one gets the following: 

𝐺𝑂
𝑙𝑇 − 𝑙𝐸𝑄

𝑠
≈ 𝐺𝑀

𝑙𝐸𝑄 − 𝑙𝐵
ℎ0 −

𝑠
�̂�

(17)

where simplification leads to: 
(

�̂�ℎ̂
)

𝑙𝑇 −
(

1 + �̂�ℎ̂
)

𝑙𝐸𝑄 + 𝑙𝐵 ≈ 0 (18)

where �̂� =
𝐺𝑂
𝐺𝑀

 is the ratio of the shear modulus between oxide and
metal media.

2.4.2. Normal stresses
For the 2𝐷 corrosion development shown in Fig.  4(a), the stress 

is the highest in the interface of the oxide and metal, while moving 
vertically away from the interface the compression/tension stresses are
relaxed. Assuming that the layers are thin enough such variation could 
get linearized, which forms a trapezoidal stress distribution during the
elastic behavior, which is illustrated in Fig.  5(b).

Therefore a horizontal statics equilibrium (∑𝐹𝑥 = 0) is established
between the formed oxide (i.e. [0, 𝑠]) and metal (i.e. 

[

𝑠, ℎ0+
�̂� − 1
�̂�

𝑠
]

) in
the central cross-section. Considering the magnitudes of the forces in
 

7 
the compressive (oxide) and tensile (metal) zones, one has:

∫

𝑠

0
𝐸𝑂

(

𝜖𝑇 + 𝜖𝐸𝑄,𝑂
)

𝑑𝑦 ≈ ∫

ℎ0+
�̂� − 1
�̂�

𝑠

𝑠
𝐸𝑀

(

𝜖𝐵 + 𝜖𝐸𝑄,𝑀
)

𝑑𝑦

where 𝜖𝑇 =
�̂�𝑙0 − 𝑙𝑇

�̂�𝑙0
, 𝜖𝐸𝑄,𝑂 =

�̂�𝑙0 − 𝑙𝐸𝑄

�̂�𝑙0
, 𝜖𝐸𝑄,𝑀 =

𝑙𝐸𝑄 − 𝑙0
𝑙0

 and 

𝜖𝐵 =
𝑙𝐵 − 𝑙0

𝑙0
. Hence, replacing into Equation above and simplifying, 

one gets: 

�̂�𝑙𝑇 +
(

�̂� + ℎ̂�̂�
)

𝑙𝐸𝑄 + ℎ̂�̂�𝑙𝐵 ≈ 2𝑙�̂�
(

�̂� + ℎ̂
)

(19)

where 𝑙𝑇 , 𝑙𝐸𝑄 and 𝑙𝐵 are the top, interfacial and bottom scales, respec-
tively as shown in Fig.  4(a) (𝑙𝐵 < 𝑙𝐸𝑄 < 𝑙𝑇 ) and ℎ̂ is the relative scale
of the metal to oxide ℎ̂ ∶=

ℎ𝑀
ℎ𝑂

= 1
𝑠

(

ℎ0 −
𝑠
�̂�

)

.

2.4.3. Oxide equilibrium
The oxide compartment during the corrosion contains equilibrium 

per se, which is attained from the balance between the normal 𝜎 and 
shear 𝜏 stresses in the top quadrant. As shown in the free body diagram 
of Fig.  5(b), the equilibrium between the forces due to normal 𝜎 and
shear 𝜏 stresses yields: 
1
2
𝜏𝑚𝑎𝑥

𝑙𝐸𝑄

2
≈

𝐸𝑂
2

(

𝜖𝑇 + 𝜖𝐸𝑄,𝑂
)

𝑠 (20)

where 𝜏𝑚𝑎𝑥 = 𝐺𝑂
𝑙𝑇 − 𝑙𝐸𝑄

2𝑠
 is the maximum shear stress in the interface,

occurring in the boundary. Therefore replacing for the maximum shear 
stress 𝜏𝑚𝑎𝑥 and strains 𝜖𝑇 , 𝜖𝐼,𝑂 in terms of the scales 𝑙𝑇 , 𝑙𝐸𝑄 and 𝑙𝐵 , 
and performing further simplification one gets the following quadratic
relationship as: 
(

𝐺𝑂
4𝑠

)

𝑙2𝐸𝑄 −

(

𝐺𝑂𝑙𝑇
4𝑠

+
𝐸𝑂𝑠
̂

)

𝑙𝐸𝑄 +
𝐸𝑂𝑠
̂

(

2�̂�𝑙0 − 𝑙𝑇
)

= 0 (21)

𝑅𝑙0 𝑅𝑙0
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Fig. 6. The deformation in the metal compartment with the remaining scale ℎ𝑀 , illustrating the bottom and interfacial corrosion scales 𝑙𝐵 , 𝑙𝐸𝑄 with their respective radius of 
urvature 𝑟𝐵 , 𝑟𝐸𝑄. In the model, the concentric relationships between the bottom and interface obtains the interfacial radius of curvature 𝑟𝐸𝑄, whereas in the simulations, the
Pythagorean theorem (i.e. dashed triangle) is used for this purpose.
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Eq.  (18), (19), and (21) are 3 non-linear relationships, with the three
unknown scales 𝑙𝑇 , 𝑙𝐸𝑄, and 𝑙𝐵 . Performing extensive algebraic group-
ing and simplifications leads to the following quadratic relationship for 
attaining the equilibrium scale 𝑙𝐸𝑄 : 

𝐴2𝑙
2
𝐸𝑄 + 𝐴1𝑙𝐸𝑄 + 𝐴0 = 0 (22)

where the coefficients 𝐴2, 𝐴1 and 𝐴0 are extracted as: 

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝐴2 =
𝐺𝑂
2

(

�̂� + ℎ̂�̂�
)

𝐴1 =
2𝐸𝑂𝑠2

𝑙0

(

1 + ℎ̂�̂�
)

ℎ̂ −
𝐺𝑂�̂�𝑙0

2
(

ℎ̂ + �̂�
)

𝐴0 = −2𝐸𝑂𝑠
2 (1 + ℎ̂�̂��̂�

)

ℎ̂

(23)

Replacing the obtained equilibrium scale 𝑙𝐸𝑄 into Eq.  (21), one gets 
he top scale 𝑙𝑇  as:
𝑙𝑇 = 𝐵0𝑙0 + 𝐵1𝑙𝐸𝑄

where:

𝐵0 =
2�̂�

(

ℎ̂ + �̂�
)

�̂� − ℎ̂2�̂��̂�
, 𝐵1 =

ℎ̂2�̂��̂� + 2ℎ̂�̂� + �̂�
ℎ̂2�̂��̂� − �̂�

Finally, the bottom scale 𝑙𝐵 is achieved via replacing the top 𝑙𝑇  and
equilibrium 𝑙𝐸𝑄 scales into Equation (18), as:
𝑙𝐵 = 𝐶0𝑙0 + 𝐶1𝑙𝐸𝑄 + 𝐶2𝑙𝑇

where:

𝐶0 = 2
(

1 + �̂�
ℎ̂

)

, 𝐶1 = −1 − �̂�
ℎ̂�̂�

, 𝐶2 = − �̂�
ℎ̂�̂�

Having the top 𝑙𝑇 , interfacial equilibrium 𝑙𝐸𝑄 and bottom 𝑙𝐵 scales, 
ne could additionally calculate the formed radius of curvature in 
ither medium. Hence, isolating the metal layer, with the scale ℎ0 − 𝑠

�̂�
i.e. Eq. (6)) as shown in Fig.  6, one could write the radial relationships
for its top (𝑙𝐸𝑄) and bottom (𝑙𝐵) scales. Assuming the center of curva-
ture in the bottom and interfacial layers are nearly identical, one could
write the radial correlation as: 
⎧

⎪

⎨

⎪

𝑙𝐸𝑄 =
(

𝑟𝐵 + ℎ0 −
𝑠
�̂�

)

𝛿𝜃

𝑙 = 𝑟 𝛿𝜃

⎩

𝐵 𝐵

8 
where 𝛿𝜃 is the infinitesimal angle covering the aforementioned scales, 
𝐵 is the radius of the curvature in the bottom of the metal. Dividing 
nd simplification leads to the bottom radius of curvature 𝑟𝐵 as: 

𝑟𝐵 =
𝑙𝐵

𝑙𝐸𝑄 − 𝑙𝐵

(

ℎ0 −
𝑠
�̂�

)

From Fig.  6, one can notice that 𝑟𝐸𝑄 = 𝑟𝐵 + ℎ𝑀 , which after 
simplification finally yields: 

𝑟𝐸𝑄 ≈
𝑙𝐸𝑄

𝑙𝐸𝑄 − 𝑙𝐵

(

ℎ0 −
𝑠
�̂�

)

(24)

Here the approximation sign is used since the identical curvature 
center of bending is assumed for both the interfacial (i.e. 𝑙𝐸𝑄) and
bottom (i.e. 𝑙𝐵) boundaries.

3. Simulations

The simulations were carried out, using the ABAQUS finite element
software, where the metallic layer was isolated from the oxide layer 
the external effect from the oxide layer was imposed manually. The 
compartments of the simulations are described below:

For the geometry, a 2D beam was created with the dimensions 
of 10 cm × 1 cm and the properties of the candidate materials, were 
assigned from the Table  3. During the corrosion, the reduced instan-
taneous metal scale versus the progress of the corrosion (i.e. �̂�) was
calculated from Equation (6), which is due to conversion to oxide.

Since the source of mismatching is internal, and there are no ex-
ternal forces, there would have been no need for placing the external 
reactions. However due to the requirement of the ABAQUS software,
the placement of the external reactions is necessary. Therefore, the
locus of the reactions should be chosen such not to interfere in the
simulation results. In this regard, the neutral axis for bending should be 
chosen as their appropriate location. Such bending could be emulated
as the effect of an eccentric tensile force 𝐹  in the distance of 𝑒 from the
centroid of the cross-section, which additionally generates the moment
𝑀 = 𝐹𝑒. Hence, the resulting stress 𝜎 will be the superposition of both
factors as:

𝜎 = 𝐹 − 𝐹𝑒𝑐

𝐴 𝐼
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Table 3
Physical/Mechanical parameters used for the candidate materials in the modeling and simulation (ℎ0 = 0.01 m, 𝑙0 = 0.1 m). 
 Parameter Zr Ref. Al Ref. 𝑀𝑔 Ref.  
 𝑅𝑃𝐵 1.57 Forsberg et al. (1995) 1.28 Cramer et al. (2003) 0.8 Cramer et al. (2003)  
 𝐸𝑀 (GPa) 94.5

Callister Jr. and Rethwisch (2020)a
69b

Callister Jr. and Rethwisch (2020)
45

Callister Jr. and Rethwisch (2020)c
 

 𝜎𝑦,𝑀 (MPa) 207 34 220  
 𝜈 0.35 0.33 0.35  
 𝐸𝑂 (GPa) 175 Azomd 314 Azome 300 Azomf  
 𝜈𝑂 0.27 0.27 0.36  
 𝐺𝑀 (GPa) 35 Eq. (27) 25.9 Eq. (27) 16.6 Eq. (27)  
 𝐺𝑂 (GPa) 78 156 83  
a The elastic modulus 𝐸𝑂 for zirconium oxide is with 97% purity (3% remainder being 𝑌2𝑂3).
b For the alloy 1100 with 99% purity.
c For the alloy AZ31B with 97% purity.
d https://www.azom.com/properties.aspx?ArticleID=133
e https://www.azom.com/properties.aspx?ArticleID=52
f https://www.azom.com/properties.aspx?ArticleID=54
Fig. 7. Replicated simulation setup via imposing the infinitesimal horizontal (i.e. 𝛿𝑥) and vertical (i.e. 𝛿𝑦) displacements the corner of the metal compartment, which results in 
he central vertical displacement 𝛿 and the interfacial radius of curvature 𝑟𝐸𝑄. Background blue: undeformed geometry, foreground red: deformed metal after corrosion.
 

 

 

 

 
 

 

 

 
 

 

 
 

where the subtraction sign is for the lower half. The cross-sectional area
of metal with the in-plane depth of 𝑏 is 𝐴 = 𝑏

(

ℎ0 −
𝑠
�̂�

)

 and its moment 

of inertia is 𝐼 = 𝑏
12

(

ℎ0 −
𝑠
�̂�

)3
. Therefore, the location of neutral axis 

𝑒 would be obtained by setting 𝜎 = 0 as (Freund and Suresh, 2004): 

𝑒 = 1
6

(

ℎ0 −
𝑠
�̂�

)

(25)

such location of the neutral axis from the center is equivalent to the 
distance of 1

3
 of the total height (i.e. 1

6

(

ℎ0 −
𝑠
�̂�

)

), from the bottom.
The bending of the metal, which is illustrated in Fig.  4(a) (lower 

blue compartment) is replicated via displacing its top corners to the
prescribed horizontal 𝑑𝑥 and vertical 𝑑𝑦 values as an external boundary 
condition from the oxide layer. Such deformation is emulated in Fig. 
7, where an equal stretching as horizontal side openings 𝑑𝑥 (�̂�) were
assigned in both top ends, the magnitude of which is obtained from 
Equation (22). The horizontal displacement 𝑑𝑥 is obtained from the
difference of equilibrium (i.e. 𝑙𝐸𝑄 (�̂�)) and the original (i.e. 𝑙0) scales, 
as: 

𝑑𝑥 (�̂�) = 1
2
(

𝑙𝐸𝑄 (�̂�) − 𝑙0
)

(26)

Here the equilibrium scale 𝑙𝐸𝑄 was calculated versus the progress 
scale of the corrosion �̂� the 3 candidate material properties, given 
in Table  3 where the shear moduli 𝐺 are correlated with the elastic 
modulus 𝐸 and Poisson ratio 𝜈 as: 

𝐺 = 𝐸
2 (1 + 𝜈)

(27)

Such horizontal displacement 𝑑𝑥 (�̂�) is inevitably accompanied by
a vertical displacement 𝑑𝑦 (�̂�), due to bending-induced rotation of side
planes around the neutral axis (i.e. 2ℎ  from above corner) and the 
3 𝑀

9 
trigonometry leads to: 

𝑑𝑦 (�̂�) = 2
3
ℎ𝑀 −

√

( 2
3
ℎ𝑀

)2
− 𝑑𝑥 (�̂�)2 (28)

In order to distinguish the locus of the imposed displacements 
(𝑑𝑥, 𝑑𝑦) as well as the reaction (i.e. neutral axis), thin planar ex-
trudes were created on the original domain geometry and the external
displacement (resulted from the oxide) as well as the zero displace-
ment (reaction), were applied to them. Afterwards, the meshing was
performed and the simulations were run consequently.

Additionally, the resulting curvature leads to the upward vertical 
displacement 𝛿, in the center, with the interfacial radius of curvature
of 𝑟𝐸𝑄. In this regard, noting the Pythagorean theorem in the formed
triangle in Fig.  6, the horizontal edge is obtained from Fig.  7 as 𝑙0

2
+𝑑𝑥, 

whereas the vertical edge is 𝑟𝐸𝑄 − 𝛿. Hence: 

𝑟2𝐸𝑄 =
(

𝑟𝐸𝑄 − 𝛿
)2 +

(

𝑙0 + 2𝑑𝑥
)2

4
which finally gets simplified into: 

𝑟𝐸𝑄 = 𝛿
2
+

(

𝑙0 + 2𝑑𝑥
)2

8𝛿
(29)

and is used to obtain the interfacial radius of curvature 𝑟𝐸𝑄 in the sim-
ulations. A sample of horizontal stress distribution (i.e. 𝜎𝑥) is presented
on the deformed geometry in Fig.  8 based on the applied deformations 
of 𝑑𝑥 (Eq. (26)) and 𝑑𝑦 (Eq. (28)) and corrosion progress of 1% .

4. Results

The total swelling during the corrosion, which is the sum of the
elastic and plastic deformations (Eq. (10)) depends on the scale of the
corrosion �̂� as well as the properties of the corroded material (Eq. (13)).
 

https://www.azom.com/properties.aspx?ArticleID=133
https://www.azom.com/properties.aspx?ArticleID=52
https://www.azom.com/properties.aspx?ArticleID=54
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Fig. 8. Sample hypothetical elastic Von Mises distribution (𝜎) for the three candidate materials of Zirconium Zr, Aluminum Al, and Magnesium 𝑀𝑔, at the corrosion scale of
�̂� = 1%, #Nodes= 1.3 × 104. The concave bending of the magnesium is due to the oxide shrinkage, and the lower stress value in the aluminum is due to its lower elastic modulus
(𝐸𝐴𝑙 ≪ 𝐸𝑍𝑟 , 𝐸𝑀𝑔).
Fig. 9. The developments of (a) Normalized total swelling 𝛥 and (b) Interfacial strains 𝜖𝐸𝑄.
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In this regard, Fig.  9(a) tracks the normalized swelling 𝛥 of the three 
investigated metals (Zr, Al, 𝑀𝑔), given their volume-sensitive param-
eters of Pilling-Bedworth ratio �̂� and Poisson’s ratios 𝜈𝑂 presented in
Table  3. Subsequently, one could explore the build-up in the elastic 
interfacial metallic strain (𝜖𝐸𝑄,𝑀 ∶= 𝜖𝐸𝑄 from now on) during their
infinitesimal corrosion for both 1 and 2 dimensional paradigms, which
has been illustrated in Fig.  9(b) for the three candidate materials.

In order to further explore the behavior of the equilibrium scale 𝑙𝐸𝑄, 
one could extend its development via the assumption of hypothetically 
remaining elastic beyond the yield limit 𝜖𝑦,𝑀 , which presumably could 
extend into the entire corrosion span of [0, �̂�]. Figs.  10(a)–10(c) for the 
3 candidate materials presented in Table  3.

5. Discussions

The growth behavior in the total swelling, shown in Fig.  9(a),
reveals that it correlates to corrosion scale �̂� as well as the material
properties, including the Pilling-Bedworth ratio 𝑅, Poisson’s ratio 𝜈, and
 

10 
the ratio of elastic moduli �̂�. Particularly it is noticeable that in the 
early stages of corrosion (�̂� → 0) zirconium Zr swells larger than the 
aluminum Al (i.e. 𝜖𝐸𝑄,𝐴𝑙 > 𝜖𝐸𝑄,𝑍𝑟). This can be explained analytically 
via calculating the sensitivity of the normalized total swelling 𝛥 to the 
corrosion scale �̂�, as:

lim
�̂�→0

𝜕𝛥
𝜕�̂�

= �̂� − 1
�̂�

which shows sole correlation to the swelling ratio �̂�, and since �̂�𝑍𝑟 >
̂𝐴𝑙, the zirconium gets a faster growth during the instigation of cor-
osion. Performing similar analogy for the equilibrium metallic strain 
𝜖𝐸𝑄, the sensitivity to the corrosion scale �̂� is obtained as:

lim
�̂�→0

𝜕𝜖𝐸𝑄

𝜕�̂�
= �̂� �̂� − 1

�̂�
which shows a predominant direct correlation with the ratio of the
elastic moduli �̂� (i.e. �̂�𝐴𝑙 > �̂�𝑍𝑟) and hence the material with higher �̂�
grows faster, as shown in Fig.  9(b). As well, is evident in this figure that 
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Fig. 10. The hypothetical strain development 𝜖𝑀 (beyond the yield strain 𝜖𝑦,𝑀 ) for the 3 candidate materials of (a) Aluminum (b) Zirconium and (c) Magnesium, versus the 
ormalized corrosion scale �̂�, both in 1D (thin) and 2D (thick) developments.
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the 2D corrosion scheme shows a sharper rise (or fall when �̂� < 1) than 
the 1D counterpart. The underlying reason is that in 1D development, 
all the materials deform identically with the interface, while in the 2D
case the zones further away from the interface relax and the interface 
carries more stress in return.

It is obvious that through the progress of the corrosion from the 
nitiation (i.e. �̂� → 0) until the end (i.e. �̂� → �̂�), the equilibrium scale 
oves from 𝑙0 to �̂�𝑙0 (�̂� > 1: growth, �̂� < 1: shrink). While such 
xtents are discernible from Equation (8), one could verify them in 2𝐷
evelopment as well. In the initial stage the coefficients will be:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

lim
�̂�→0

𝐴2 =
𝐺𝑂
2

ℎ̂�̂�

lim
�̂�→0

𝐴1 = −
𝐺𝑂�̂�𝑙0

2
ℎ̂

lim
�̂�→0

𝐴0 = −2𝐸𝑂𝑠
2 (ℎ̂�̂��̂�

)

ℎ̂

which gets simplified into:

𝐺𝑀ℎ0
(

𝑙2𝐸𝑄−𝑙𝑙𝐸𝑄

)

−
(

1
�̂�

(

𝑙2𝐸𝑄−𝑙0𝑙𝐸𝑄

)

+ 4𝐸𝑂ℎ
2
0

)

𝑠 = 0

and in the limit of �̂� → 0 it yields to: 𝑙𝐸𝑄 = 𝑙0✓. As well, on the verge
of full corrosion (�̂� → �̂�), there is only oxide left (ℎ̂ → 0) hence:
⎧

⎪

⎪

⎨

⎪

⎪

⎩

lim�̂�→�̂� 𝐴 =
𝐺𝑂
2

�̂�

lim�̂�→�̂� 𝐵 = −
𝐺𝑂�̂�𝑙0

2
�̂�

lim�̂�→�̂� 𝐶 = 0

which gets simplified into:
𝑙2𝐸𝑄−�̂�𝑙0𝑙𝐸𝑄 = 0

and yields: 𝑙𝐸𝑄 = �̂�𝑙0✓. Such sharing the common initial and final 
equilibrium scales 𝑙𝐸𝑄 between 1𝐷 and 2𝐷 frameworks is additionally 
obvious in the behavior of equilibrium strain 𝜖𝐸𝑄 in Figs.  10(a)–10(c).
Regarding the decelerating-accelerating behavior (curving down and 
later up for 𝑍𝑟,𝐴𝑙) in the equilibrium interfacial strain 𝜖𝐸𝑄, it is the 
result of competition between the metal (i.e. smaller when �̂� > 1) and 
oxide (i.e. larger when �̂� > 1). Hence, in the very early stage (�̂� → 0) 
and very late stages (�̂� → �̂�) of the full corrosion, one medium is 
significantly weaker compared to the other (oxide in the beginning and 
metal in the end). Therefore, the 2D framework, which carries higher 
sensitivity due to stress concentration there will be a sharper variation 
compared to the 1D framework. However in the middle, particularly at 
�̂� ≈ �̂�

2
, both metal and oxide media are competitive relative to each 

other, and therefore the equilibrium scale 𝑙𝐸𝑄 has the least sensitivity
to the progress of the corrosion �̂�.

While the bending of the components due to corrosion has been 
explored before Zhao and Huntz (1984), one could use the obtained 
11 
radius of curvature to correlate the modeling framework with the 
numerical simulations, where the radius of curvature can be calculated
from two different perspectives.

The formed radius of curvature 𝑟𝑀  in both modeling and simu-
lations, which are obtained in Eqs. (24) and (29) versus the scale 
of corrosion �̂�, are compared against each other in Fig.  11, where a 
substantial agreement is obvious. In this figure the expansion during 
the metal-to-oxide transition forms convex geometry (i.e. 𝑟𝑀 > 0, for
𝑍𝑟,𝐴𝑙) while the shrinkage leads to concave form (i.e. 𝑟𝑀 < 0 for 𝑀𝑔).

The bending and formation of curvature in both oxide and metal 
ltimately can lead to failure and delamination in both media. One 
could interpret curvature-induced stresses from the swelling, similar to 
curvature formed from an external moment in flexural mode. Here, we 
focus on the metal part, as it experiences more curvature than the oxide. 
Assuming that neutral axis remains almost in the center (i.e. small
curvature) due to very small difference in the interfacial 𝑙𝐸𝑄 and the
bottom 𝑙𝐵 boundaries, the maximum generated strain 𝜖 in the material 
cross-section would be: 

𝜖 = 1
2
𝑙𝐸𝑄 − 𝑙𝐵

𝑙𝐵

where the coefficient of 1
2
 is due to dividing the flexural cross-section 

into compression and tension zones. The failure occurs when the gen-
rated strain meet the yield value 𝜖𝑦,𝑀 , and simplification leads to:
𝑙𝐸𝑄 = 𝑙𝐵

(

1 + 2𝜖𝑦,𝑀
)

therefore, one could calculate the interfacial radius of curvature causing
the onset of yielding, as:

𝑟𝐸𝑄 ≈
1 + 2𝜖𝑦,𝑀
2𝜖𝑦,𝑀

(

ℎ0 −
𝑠
�̂�

)

which means that for higher amount of yield strain, shorter radius
of curvature is required to reach failure. As well, more progress of
corrosion (𝑠 ↑) forms more curvature (i.e. less radius 𝑟𝐸𝑄 ↓), which
ultimately leads to delamination and spalling, which is particularly
more feasible in the interface of the oxide and metal due to weaker
chemical bonding. The quantification of such delamination based on 
the state of corrosion is the subject of our next study. 

From Fig.  9(b) and Eq.  (8), one could further compare the sensitivity 
of the formed stress �̂�𝑀  with respect to these parameters to find the
dominant effect. Hence: 
⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

lim
�̂�→0

𝜕�̂�𝑀
𝜕�̂�

≈ �̂�
𝜖𝑦,𝑀

⎛

⎜

⎜

⎝

(

�̂� − �̂�
) (

�̂� − 1
)

(

�̂� +
(

�̂� − 1
)

�̂�
)2

⎞

⎟

⎟

⎠

lim
�̂�→0

𝜕�̂�𝑀
𝜕�̂�

≈ �̂��̂�
𝜖𝑦,𝑀

⎛

⎜

⎜

1 +
(

�̂� − 1
)

�̂�
(

�̂� +
(

�̂� − 1
)

�̂�
)2

⎞

⎟

⎟

(30)
⎩

⎝ ⎠
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Fig. 11. The evolution of the metallic radius of curvature 𝑟𝑀 versus the corrosion scale �̂� for the candidate materials of zirconium Zr, aluminum Al and magnesium 𝑀𝑔. The 
olid lines represent the constitutive modeling and the crosses (×) signify the simulation results. As well, the red zone is the convex (outward) deformation while the blue zone 
hows forming the concave (inward) geometry.
 

 

 
 

 

 

 

 

where comparison yields a quadratic in terms of �̂� as:
̂2 − (�̂� + 1) �̂� +

(

�̂� + �̂� + �̂�2�̂� − �̂��̂�
)

= 0

Particularly in the initiation stage of corrosion (i.e. �̂� → 0) one gets:
̂ = 1

2

{

1 ±
√

1 − 4�̂�
}

Since almost always �̂� > 1
4
, there is no solution, which means that 

the sensitivity of the normalized metallic stress is always higher to the 
ratio of elastic moduli �̂� than the swelling ratio �̂�.

Needless to mention that the verifications for both modeling and 
simulations were performed assuming the hypothetical elastic (i.e. lin-
ear) behavior, which extends beyond the yielding limit. As well, similar 
to the linear distribution of the shear stress in the interface, the vari-
ation of the stress profile in the vertical direction was assumed to be 
linear. The developed model could be complemented with the addition
of plasticity, fracture behavior and inclusion of the other corrosion-
contributing mechanisms such as side corrosion, and metal diffusion
where the amount of formed stress is negligible.

Finally, while the evidence for the current theoretical findings from 
the literature is very rare, a complementary experimental investigation 
would be necessary, particularly since this study considers sole effect 
of oxygen diffusion (as opposed to metal diffusion) which generates
the maximum amount of stress. Furthermore, this work merely has
explored the mechanical aspect of corrosion, which is a reaction-
induced internal drive for swelling, and generation of mismatch, and 
other factors such as thermo-mechanics, creep deformation in high 
temperatures, transient behavior and particularly stress-assisted diffu-
sion, passivation, formation of side-products (i.e. hydroxides, phase
transformation, etc.) are to be studied separately.

6. Conclusions

A new closed-form corrosion state-dependent constitutive model 
has been developed for predicting the nonlinear swelling-induced ac-
cumulation of mismatch compressive/tensile strains/stresses. Utilizing 
12 
the natural volume difference during the metal-to-oxide transition, we 
quantify the balanced equilibrium scale analytically in the interface 
of binary composite, and the following swelling due to elastic and
corrosion (i.e. plastic) events, which has been derived for in both 
1D (thin oxide film) and 2D (thick oxide layer). The formed radius
of curvature has been used for verification with the finite element 
simulations. Furthermore, performing hypothetical elastic derivations 
for the entire corrosion span we have explained the non-linear behavior 
in the rate of strain accumulation, particularly in the beginning and
end of corrosion. Consequently, the dominant material parameter for 
the establishment of the metallic strain, total swelling, and metallic 
stress has been determined. The developed framework could be useful 
for the design and materials selection process and maintenance of 
the components in corrosion-sensitive environments, particularly those 
involving large swellings.
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